Why it is worthwhile taking time for spherical harmonics?

J @ itis a wave function

/ & rotational energy
/ @ angular momentum

& symmetry
statistic degeneracy

L)
) selection rule



Plan today

BB correction of last lecture

B} perturbation theory
E) group theory

B H:

E) Why ortho « para?

) selection rule
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Jz J J total angular momentum
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J- s molecular axis
J K=y

J total angular momentum

M-

Z
J;

i
Ko S

: laboratory axis

associated Legendre as long as there is no field
d dv m?2
&[(1 - XZ)& +[J(J+1) - —— lv=0 m does not show up in energy

E =DBJ (J + 1 ) M did not show up here J, -J+1,...,J-1,J



J- s molecular axis
J K=y

J total angular momentum

M-

Z
J;

"L
K does K=o mg%td

_ 2 .
E=BJ(J+1)+(A-B)K" : laboratory axis
associated Legendre as long as there is no field
d dv m?2
&[(1 —~ X2)& +[J(J+1) - P lv=0 m does not show up in energy

E=BJ (J + 1 ) M did not show up here



Why it is worthwhile taking time for spherical harmonics?

J @ itis a wave function

/ & rotational energy
/ @ angular momentum

& symmetry
statistic degeneracy

L)
) selection rule



@ statistic degeneracy O statistic degeneracy
© selection rule

© notation © selection rule
l O nuclear spin
gJ

= 4

St

@ quantum numbers - ¢ wave function <oi| Me|Ps> =0
i| He|Pf> =
geometrical view - - dipole moment
\ 4
A @ rotation
symmetry
group
%
symmetry of wave function mssssly Group theory

| |

@ nuclear spin degeneracy

) 00



© selection rule

is decomposed to

symmetry of wave function
electric dipole moment

Born-Oppenheimer
approximation

H2 : simple example of
vanishing integral

@ spherical harmonics
orthogonal

pherical harmonics is
a full rotation group

decomposition of symmetry
of product of wavefunctions

calculate coefficients of linear
combination of representation

HZO : Cay

example of symmetry character table
group



© selection rule

why transition probability given in this form?

/ remember Thomson scattering n
/ perturbation theorya

vanishing integral

<di| pelb> = 0 10!

symmetry of wave function
electric dipole moment

Emm) ¢ spherical harmoni

1
pherical harmonics is
a full rotation group g
: simple example of

decomposition of symmetry B
vanlshlng integral

of product of wavefunctions

calculate coefficients of linear .
combination of representation

Group theory 8 H:O..

example of symmetry B character table
group



Thomson scattering

J.J. Thomson David Hilbert

Max Planck



Dipole approximation

1 Eis proportional to u
2 [Eis proportional to g

3 radiates
perpendicular to v

Power

-
d—P = C sin® 0
dQ  4mc3

WAV

WAL



Thomson cross section

i e*E5
OT = c D
<S> <S>=EE0 3m2c3
8n e*
) 3 m2c? Poynting vector

~specific intensity I,
Thomson scattering
dP d?

dQ B 4mcs

1 Scattering is a re-emission

sin° o
& Frequency independent
@ Polarized as in the incident light

& Forward scattering



Perturbation theory
HLIJO = ELU()
"/ steady state

N ‘N\-b here comes perturbation
= electric field
%\"VV\’ I how much?

charge displaced
= energy shift
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perturbation
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Transition?  _ .-«

h oW X -itw
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Transition?
- h oW

HW =

| ot




Transition?
- h oW

HW =

| ot

V(1)

P(t) = 1czl? 1

20t

Transition probability




(H+Vyw = - 1Y
| ot

W =c,W¥, +co ¥

LIJ-I = ¢1e_i%t 1

Bl H+V)W=(H+V)(cW; +coWy)
= c{HW4 + c1VW{ + coHW, + VW5
=c1E1Wq1 + c1VW{ + coEWs + co VW, HWY, = E W,

oWvw o4
a Pl at[C1‘~|-’1 + CoWy)

) Ly B
= 5[014319 'ht+02¢ze i t]

. B By B . LB Eo . Eo
=¢,p.e7' —|701¢1e T4 EoeT —|702cl>2e"7t



n (H + V)LlJ =c1E1W1 + c1VW, + coEWs + co VW,

h oy h h Eo hw
. =c h+Ec T+ —C eh+Ec et | - L
a i ot oM 1C1P €~ ) - 2$; 2Cody J\/.‘a o1 Wi - ¢1 ey
W (t) = dse” i 1 |
h , h .
C1VL|J1 + CQVLIJZ - fC1L|J1 + szLIJg
|
E h E2t
C1V¢1e T coVp,e T —c1<1>1 L4 | —Copre™' 7
from left multiply ¢ <Pl >= <Pild,>=0
E E h E
Ci<d Vi, >emttco<p VI, >ent=—¢e ! Vit =< d1Vid, >
|
Vig=< ¢4V, >
E E h E
C1V11e_|71t + C2V129_|th = f(.)1 e"T”
|
X ei%t h@ = E2 — E1
V V EzhE1t h .
C1Vi1 +CoVi2€ TC1 Viq =0
h . | Voo =0
—Cq = C1V1q + CoV e @ —=

need symmetry discussion



n (H + V)LlJ =Cc1E1W1 +c{VW{ + coEsWs + o VW5

h oy h h E2 hw
. =C h+Ec 7+ —C eh+Ec e ' wt - U
a ot 1bie” 1C1Pp e~ i 2$, 2CoP, J\/.‘a Oy Wit < et
Wi (1) = bre 7! 1 .
h. h .
C1VL|J1 + CQVLIJZ - fC1L|J1 + szLIJg
E h Ezt
C1V¢1e T coV,e T —<:1cl>1 Ly | —Core™'7
from left multiply ¢; <yl >= <Py >=0
. . Ep
C1 <PV, >e” =+ +02<¢2|V|c|>2>e = —C,e ! Vit =<qI1Vid, >
Vig=< ¢4V, >
E E h E
C1V21e_|71t + Cngge_lTZt = —02e 5t
|
Ea-Eq, h X ei% h@ =E2-E
C1Vo1€™ 7 '+ CoVop = —C
e Vi1 =0
h . | Voo =0
—Cp = C1V2ee'e! —

need symmetry discussion



h. | N
—Cy = C1 V1€ 2 —.—. e Cp Wi(t) = pe7!

|
Voi =< Pl VI, > JW h@
V=AE = "eE N ‘.E1

WV Eq
- Cy Wy(t) = i7"

| 1
Vo1 « B E = p Ee !
h . |
—Cy = C1 Vet
! c1(0) =1 c2(0) =0
— —iwtaiwt
Co(t) =] p Ee™ et approximation
=y E[ e-i0-igt cy(t) ~ 1 Ca(t) ~ O
e-i(w-w)t
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Transition probability

P(t) = c2l?

2 ot t
|Ca(t) | = B Et

t=1
ICo(t=1)1 = EI

P(t=1) =1c2l* = EI5
Einstein A coefficient



G rO u p th eO ry for astrochemist
group element = { A B c D E }

1) multiply A .- B
0. C
e group elements
agroupis @ closed
2 has 1
B inverse

& associative
(4) group



example element can be number, operation, function
rotate it do nothing

group element = { A B C E }

rotate /2 rotate 3m/2

multiply A .- B

0, 4.0
c v/
iJ

elements (3]

000

® closed
2 has E
® inverse C-A B- B

& associative
(4} group




Group theory




Group theory

do after
multiplication of operation

when multiplication tables are

they are same



group theory?

molecular
symmetry?




group theory?

we want to know shape of wavefunction

but without actually calculating it

for calculation of
. y 4

<yY1|O|yp2>
1

X . . ‘ y and for knowing

if itis O or not

X knowing symmetry of
o/ cos2 0 - 1/2 wavefunction is enough
0 m 9 ] ]
moiecuiar

s e symmetry?



group theory?

. tells shape of wavefunction.

from relations between

co0s20-1/2

TT/2
)

0 (1

molecular
s e symmetry?




what kind of operations are relevant here?

if wavefunction changes randomly
useless to tell shape of wavefunction

something that does not change shapes....



what kind of operation is relevant here?

something that does not change shapes....

like

(as it is)



Character table

m/?\n '
2 1

X
Character
E C2 ouxz) o'Wyz)
A, z x2, y2, z2
A; (1) - 1 i Xy
B4 -1 -1 X, Ry Xz



Character table

E
Cz 2 y 4
ov(xZz) XZ X
Character
E C2 ouxz) o'Wyz)
A, z x2, y2, z2
A; (1) - 1 R, Xy
B4 -1 -1 X, Ry Xz



Character table

=
Einheit”

ov(xZz) XZ

of C

Z

2V
0/\ '
1




f(x,y,z) =2

—>N

= = = = M

1 1 1 z
1 -1 -1 P

-1 -1 1 x, Ry
-1 1 1 y,Ry

it does not change itself

by the operations

xz' yz' zz

Xz

yz

E C2 oyxz) o'\(yz)

y 4 A1

symmetry label tells the shape of functions



E C. o.xz) o'W(yz)
—p A 7 1 1 1 z X2, y2, 22
A 1 1 -1 -1 R: Xy
B, 1 -1 -1 1 X, Ry XZ
B 7 -1 1 -1 Y, Rx yz

it does not change itself
by the operations

E C2 oyxz) o'\(yz)

> Y

X2 A1

symmetry label tells the shape of functions




E C. o.xz) o'W(yz)
—p A 7 1 1 1 z X2, y2, 22

A 1 1 -1 -1 R, Xy

B, 1 -1 -1 1 X, Ry XZ

B 1 -1 1 -1 Y, Rx yz

remains same by E o0'\yz)

f(x,y,z) = x changes the sign by C2 O.(xz)

Z

E C. o.xz) o'\(yz)

/ 1 -1 -1 1
> Y

/ X B1
symmetry label tells the shape of functions

X



E C- ov(xz) o’'v(yz)
— A 1 1 1 1 r 4 X2, y2, 22
A, 1 1 -1 -1 R Xy
B 1 -1 -1 1 X, Ry Xz
B, 1 -1 1 -1 Y, Rx yz
R: remains same by E C
that rotates around z changes the sign by ov(xz) o'\(yz)
Z
= C2 ouxz) o'Wyz)
1 1 -1 -1
s S
R. A,

symmetry label tells the shape of functions

X
angular momentum



group theory

E C: oxz) o'\(yz)
—p Aj 1 1 1 1 z X2, y2, 22
A 1 1 -1 -1 R; Xy
B:s -1 -1 1 X, Ry Xz
B 7 -1 1 -1 Y, Rx yz

n as long as functions are basis of symmetry representation

fA1 x fA2 11, 17, 11, 11
1 1 -1 -1 = fA2

FA2 y fB1 11, 11, =11, -1x7
1 -1 1 -1 = B2



group theory

E C: oxz) o'\(yz)
—p Aj 1 1 1 1 z X2, y2, 22
A 1 1 -1 -1 R; Xy
B:s -1 -1 1 X, Ry Xz
B 7 -1 1 -1 Y, Rx yz

n as long as functions are basis of symmetry representation

fA1 x fA2 1T, 17, Tx=1, 1x-1

- - = A2
! ! ! ! f this is why we
spent so much
fA2 x fB1 A, 11, -1x-1, -1x17 time for group
1 -1 1 -1 Y theory

B when we integrate whole space, only fA1 has non-zero value



ortho H>

ml =0 ml=1,0,-1
2 gl=1 gl=3

I=1/2-1/2=0 I=1/2+12=1

but the strangest as well



para H> ortho H2

ml =0 ml=1,0,-1
2 gl=1 gl=3

I=1/2-1/2=0 I=1/2+1/2=1

1 nuclear spin modification

para Hx J=
ortho Hx J=

2 paraH: «§> ortho H:

$ guadrupole transitions only



para H> ortho H>
ml =0 ml=1,0,-1
2 gl=1 gl=3

I=1/2-1/2=0 I=1/2+1/2=1
group theory
E
C 2 z point group

Ov(xZz) XZ



para H> ortho H>
ml =0 ml=1,0,-1
2 gl=1 gl=3

I=1/2-1/2=0 I=1/2+1/2=1
group theory
E
C 2 z point group
ov(x2z) XZ
E
(12) 12n¢2  CNPI group

E* complete nuclear permutation inversion



permutation inversion group

X

: (12)
permutation &
b .Y
¢ —/
.Y ’ 1
X
2 2 *
inversion E




> X
> X

E , | (12)
N permutation .
© ©
S y
2 ) 1

@ protons exchange all attributions
coordinate + spin

equivalent to changing labels

‘ nuclear permutation does NOt move electrons



> X

E

C

e_

4

inversion

AN

o

- X

E*

4

@ protons take all attributions with them

spins as well

‘ electrons invert positions as well



para H> ortho H>
ml =0 ml=1,0,-1
2 gl=1 gl=3

I=1/2-1/2=0 I=1/2+12=1

CNPI group

(1 z) X1, Y1, Z1 ‘ X2, Yz, £2

E* r

wavefunction cannot change



para Ho ortho H>
ml=0 ml=1,0, -1
gl=1 gl=3

I1=1/2-1/2=0 I=12+1/2=1
CNPI group H
(1 2) X1, Y1, 21 ‘ X2, Y2, £2

E* r ‘ -r

2
H o
2H
h d o
Py =—2 o E*

7 9x X2



what kind of SNAPE is your Wavefunction-

character
table

E (12) E* (12)*
> A7 1 1 1 1
>u A> 1 1
>y Bi 1 1
5T Bz 1 1

1 : operation leaves sign same

S 6
1
o ©

: operation flips sign



fermions

change

exclusion principle
X X

permutation 2

N

& ’

V=Y



(at the permutation of two electrons the wavefunction can behave either symmetrical or anti-symmetrical)

The solution with symmetrical eigenfunctions, on the other hand, allows any
number of electrons to be in the same orbit, so that this solution cannot be the

correct one for the problem of electrons in an a,tom@
. |

Dirac (1926) Proc. R. Soc. Lond. A 112,661

+ Prof. Born has informed me that

Heisenberg has independently obtained results

equivalent to these. (Added in procf) —see
Heisenberg, © Zeit. fur Phys.,” vol. 38, p. 411




Diese I'unktion ¢ hat die besondere Kigenschaft,
daBl sie bel Vertauschung der Quanten-
zahlen zweler Teilsysteme das Vorzeichen wechselt.

Heisenberg (1926), Zeitschrift fur Physik, 38, 411

Why this is exclusion principle? LMU alumnus
1958-1970 MPA/LMU

Es kann niemals zwei oder mehrere Aquivalente Elektronen
1m Atom geben, fiir welche in starken Feldern die Werte aller
Quantenzahlen n, &k, k,, m, (oder, was dasselbe ist, n, &k, m,, m,)
ibereinstimmen,

Pauli (1924), Zeitschrift fur Physik, 31, 765




WV = (I)e (I)v (I)r (I)ns

electronic

no node:
totally symmetric

25 (12) o= e
&

v

Born-Oppenheimer
approximation

vibrational

function of |Irg=r2j

no change by totally
permutation or  symmetric

inversion (12) dbv = by

N\




V= e by P dns

totally totally
symmetric symmetric

rotational at permutation

b0, d) = P(11-6, p+1T)

YJm(el (I))
¢(1-0, p+1) = (1) (6, P)
Z = CcosO
-z = cos(-0) J=




WV = (I)e (I)v (I)r (I)ns

totally

totally

symmetric symmetric

nuclear spin

1T7T)
Pns= [T

ortho H: | l l)
ml=1,0,-1
gl=3

I=12+12=1

|T1)

para Hz
I=0
gl=1

I=1/2-1/2=0

111)

|4 T)

(I>ns — (I)ns

(IJns — '(I)ns



totally totally
symmetric symmetric

V=Y

coupling must be

(I)r — (I)r .XQ
O

¢r=-Pro

WV = (I)e (I)v (I)r (I)ns

(I)ns= ns
(I)ns -_— (I)ns



2 paraH: \+/ ortho H>

2 EEETe— —
1 I I
0 =1 behave as if they are
different species of molecules
rather than different excitation states of a molecule
5(0) S(1)
2.223 ym 2.122 ym
g, g 9ixJ
v=0 3 7 3 21
3 N . .
AJ =2 2 5 1 S
512K
2 = 1 3 39
l] oeessss | Ortho-H:
J=( == para-H» 171K J = 1 1 1



Hy ¢



what kind of SNAPE is your Wavefunction-

E (12) E* (12)*
> A; 1 1 1 1
>u Az 1 1
5. B1 1 1
st B2 1 1

1 : operation leaves sign same

S 6
1
o ©

: operation flips sign



rotational

(12) E*

E
1
1
1
1

1
1

$(6, ) = d(11-0, p+1) =
$H 0, d) = d(11-6, d+1) =

(12)
1

J $6, P)
! (I)I'(el (I))

Aj
B1




E E*  (12)*

Z; A 1 1 :

o Az 1

>y Bi 1 :

5 Bz 1 !

nudcle)ar spin I 1 1) $::: $::
= [TLH+[4N A1
ns 141)

(I)ns — (I)ns
(I)ns = '(I)"S

114y -141) B,



electric dipole moment?

Me = 2€r

@ permutation does not change Me

labeling
2 Inversion does E(12) B (12)
A 1 1 1 1
rOT A D
B: 1 1
A2 B> 1 1



group theory

E (12) E*  (12)
A; 1 . 1 1
Az 1
B, 1 B 1
B, 1 1

n as long as functions are basis of symmetry representation

fA1 x fA2 1T, 17, Tx=1, 1x-1

- - = A2
! ! ! ! f this is why we
spent so much
fA2 x £B1 11, 11, -1x-1, -1x1 time for group
1 -1 1 -1 = B2 theory

B when we integrate whole space, only fA1 has non-zero value



$(6, ) = $.(0, ) E (12) E* (12)

(I)r(e: (I)) = (I)r(e: ¢) 21
A1 B4
B B2
| Mél Aj
Aj
A1

Both not allowed



electric quadrupole moment?

Mg : Aq

¢r:A1

At A X Ag

d)r:B"

B1 A1 X Aj







