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Abstract

The studies presented here begin with an investigation into strong lensing on cluster scales.
The observed frequency of multiple imaging can be used as a statistic for tests of structure
formation and cosmology. However, the interpretation of this statistic is subject to complex
issues surrounding the modelling of the lens. How do the triaxial shapes of clusters affect the
frequency of multiple imaging? What is the role of the filamentary structures that feed cluster
haloes? Do they enhance the orientation dependence? I explore these issues by characterising
the relevant statistic by the cross section for multiple imaging, o, for a sample of simulated
cluster haloes.

The cosmological applications of gravitational lensing extend to predicting the weak lensing
properties of large scale structure, in particular, the magnification probability distribution for
background sources. Such studies generally require ray-tracing through cosmological N-body
simulations to generate model predictions, but standard methods apply the multiple thin-lens
approximation. I take the first steps in quantifying the accuracy of standard methods by devel-
oping an innovative code that performs ray-tracing without the use of this approximation. The
efficiency and accuracy of this computationally challenging approach can be improved by care-
ful choices of numerical parameters; therefore, the results are analysed for the behaviour of the
ray-tracing code in the vicinity of Schwarzschild and Navarro-Frenk-White lenses. Preliminary
comparisons to a multiple lens-plane algorithm are drawn in the context of cosmological mass
distribution for a source redshift of z; = 0.5.

Finally, I analyse the extent to which gravitational lensing could affect future cosmological
tests. The evolution of the expansion rate of the Universe results in a drift in the redshift of
distant sources over time. The redshift-drift experiment has been touted as a direct test of
cosmological expansion, and carries with it the potential to distinguish between various cos-
mological models. The Lyman « forest has been recognized by Loeb as the best candidate for
this experiment, but the signal would be weak and it will take next generation large telescopes
coupled with ultra-stable high resolution spectrographs to reach the cm s~! resolution required.
I assess the effect of gravitational lensing by Lyman « absorbers, particularly the collapsed
structures associated with Lyman limit systems and damped Lyman « systems; the transverse
component of their motion varies the gravitational potential in the line of sight and subsequently
shifts the positions of background absorption lines, an extension of the the transverse moving
lens effect determined by Birkinshaw & Gull. Will it prevent detection of the cosmic signal?
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Chapter 1

Introduction

Modern cosmology has provided us with a well-defined picture of the Universe that successfully
describes a huge range of observed phenomena. The Universe, or so it appears, is flat, homo-
geneous and isotropic on large scales; its expansion history has been mapped out over a wide
range of redshifts thanks to surveys of ‘standard candle’ supernovae. The familiar luminous
component, in the form of stars and gas, accounts for but a fraction of the total matter-energy
budget; the bulk is in the form of a mysterious dark component; we dub this description the
Lambda Cold Mark Matter (ACDM) model. While the nature of dark matter and dark energy
remain elusive, several fundamental properties have been constrained. Dark matter dominates
the mass in galaxy clusters and large-scale structure, and these structures leave an imprint on the
images of background sources via the gravitational lensing effect. In addition, cosmic distance
measures have a strong dependence on dark energy. Hence, current and upcoming weak lensing,
strong lensing and quasar surveys will confront ACDM predictions, which are constructed with
a combination of cosmological N-body simulations and a range of analytical and numerical tools.
The present study investigates a selection of these predictions on a wide range of scales. I begin
with a detailed overview of the aforementioned standard cosmological model, theory of structure
formation and the gravitational lensing effect.

1.1 The Cosmological Model

The [standard ACDM cosmological model] continues to be an exquisite fit to the
existing data.

— Komatsu et al. (2011)

In the following section, I outline the standard concordance cosmology framework that un-
derlies the present set of studies. This includes fundamental principles of General Relativity and
homogeneity, the preferred interpretation of redshift, and the components of cosmological fluid
that eventually determine structure formation and cosmic expansion.

1.1.1 General Relativity

The General Theory of Relativity (GR) is the framework within which we interpret how and why
objects move. Here, the force of gravity is the result of the curvature of space-time, which in turn
is governed by the density distribution of various matter-energy components. The equivalence
principle is central to GR; it states that within a freely-falling frame, a test body follows a
trajectory that is consistent with the laws of special relativity and is independent of inertial
mass. This trajectory is known as the geodesic.



GR proved successful in that it was able to explain the perihelion shift of Mercury, then an
outstanding issue. In addition, the first observation of gravitational lensing by the Sun (Dyson
et al., 1920) confirmed Einstein’s 1919 prediction of the magnitude of light deflection (see Sec-
tion 1.4 and Appendix B.1), which was twice the Newtonian prediction. But the true success
of GR has emerged in the intervening years with numerous experiments providing evidence to
support the theory. One such piece of evidence is the laboratory-based observation of gravita-
tional redshift (Pound & Rebka, 1960; Pound & Snider, 1964). Another is the time-delay and
deflection of radio photons around the Sun, which supports GR at the 107* —10~? level (Shapiro
et al., 2004; Bertotti et al., 2003); experiments such as this, carried out within the Solar System,
test gravity only in the weak-field, low-velocity regime. In addition, long-term monitoring has
revealed a gradual decrease in the orbital period of binary pulsars as energy is lost through the
emission of gravitational waves (Taylor & Weisberg, 1989; Taylor, 1994; Stairs et al., 1998); con-
sistency with the strong-field GR prediction is subject to the accuracy of the measured distance
to the binary system. Although alternative gravity theories abound in the literature (e.g. Brans
& Dicke, 1961; Buchdahl, 1970; Bekenstein, 2004; Dvali et al., 2000; Capozziello & Fang, 2002),
in this thesis I work within the framework of GR.

1.1.2 Principles of Cosmology

The Cosmological Principle states that our Universe is homogeneous and isotropic everywhere
(Milne, 1933). It is derived from the Copernican Principle, which is the assumption that we
are not privileged observers. Isotropy and homogeneity on = 100 Mpc scales has been observed
in large galaxy redshift surveys, such as the 2-degree Field Galaxy Redshift Survey (2dFGRS;
Peacock et al., 2001; Cole et al., 2005) and the Sloan Digital Sky Survey (SDSS; Seven-Year
Data Release; Abazajian et al., 2009), as well as the temperature maps of the cosmic microwave
background radiation (CMB) from the Wilkinson Microwave Anisotropy Probe (Seven-Year
Data Release WMAPT; Jarosik et al., 2011). See Figure 1.1 for images from these observations.
When these observed properties are combined with the Copernican Principle, the Cosmological
Principle follows. The Friedmann-Lemaitre-Robertson-Walker (FLRW) geometry encompasses
this principle; when combined with knowledge of the densities and properties of the various
matter-energy components that constitute the Universe, it describes its history and predicts its
evolution and eventual fate. On smaller scales, however, there is much structure in the form of
galaxies, clusters and superclusters, linked via vast filamentary structures. Modern cosmology
also assumes that this smaller-scale inhomogeneity does not falsify the large-scale predictions
made under FLRW geometry.

1.1.3 Cosmological Redshift and the Expansion of Space

The concept of a ‘fundamental observer’ who has no motion relative to the cosmological fluid—
in other words, has zero peculiar velocity—is generally introduced when describing cosmic ex-
pansion. The fixed coordinates of such observers are called comoving coordinates. The time-
dependent scale factor, R(t), defines the conversion between the coordinate separation and
spatial separation of (or proper distance between) two fundamental observers on a hypersurface
of constant time; this parameter characterizes the (large-scale) dynamics of the Universe. The
FLRW line-element is given by

ds® = —dt* + R*(1) [dx* + S{(x) (d6” + sin*0 dg”)] (1.1)



Figure 1.1: The CMB temperature
maps (Top left; Hinshaw et al., 2009)
as well as the distribution of galaxies in
the 2dFGRS (bottom left) and SDSS
(above) catalogues imply isotropy and
homogeneity on large scales. See text
for further references.

where x, 6 and ¢ are comoving coordinates. The topology-specific Si(x) is given by

siny ifk=1
S =4  x ifk=0 (1.2)
sinhy if k=-1

where the spatial curvature parameter k=1/0/-1 defines a closed/flat/open universe. Notice
that the metric allows an evolving scale factor. The Friedmann (-Lemaitre) equations are:

.\ 2
R 8tGp ke Ac?
) = - . 1.
<R> 3 TR 3 (1.38)
R 4rG 3p Ac?
—=_Z )= 1.
7 3 <p+62>+ 3 ;and (1.3b)
. 3R p
Pi = —§ <p+ sz) . (1.30)

A, G and c denote the cosmological constant, the gravitational constant and the speed of light
respectively. The first two of the Friedmann equations are the differential equations that deter-
mine the time evolution of the scale factor with respect to the pressure, p, and density, p, of
the cosmological fluid and the relative densities of the various fluid components. The last is the
continuity equation for the cosmological fluid and expresses energy-momentum conservation in
the case of a flat space-time with gravity neglected.

The phenomenon of cosmological redshift is interpreted as being the decrease in the energy
of a photon as a result of the increase in the scale factor over time. There are only a handful



of observations that can directly test if this interpretation is appropriate; these are: the time
dilation effect on supernova light curves (Wilson, 1939), the redshift dependence of the surface
brightness (SB) of galaxies (the Tolman SB test; Tolman, 1930, 1934; Hubble & Tolman, 1935),
the redshift dependence of CMB temperature (e.g. Bahcall et al., 1973) and the change in the
observed redshift of a single object over time (Sandage, 1962; McVittie, 1962; Loeb, 1998). Given
this interpretation, the relationship between cosmological redshift, z, and the dimensionless scale
factor, a, is:
at) R(t) _ A _ 1 7
R(to) Aobs 1+ 2
where tg is the present epoch and \,s is the observed wavelength of a photon with a rest
wavelength A. Redshift is thus observed as a shift in the wavelength of absorption or emission
lines of well-known transitions in the spectra of extra-galactic objects and is often interpreted
as a radial velocity. Hubble (1929) mapped the relationship between recession velocities and
luminosity distances of galaxies within a few megaparsecs, finding a linear correlation. Although
the scales probed were small and included large systematic errors from peculiar velocities, the
first ‘Hubble diagram’ was, nevertheless, a catalyst for the acceptance the expanding-universe
hypothesis. The evolution of the scale factor is encapsulated in the Hubble Parameter, H(t),
which is defined by:

(1.4)

(1.5)

and is given by the first of the Friedmann equations (Eqns.1.3a). Observations of ‘standard
candle’ type Ia supernovae (SNIa) have been essential in mapping out the functional form of
a(t) by essentially extending the diagram out to higher redshifts. Such observations reveal a
late-time acceleration under the assumption of a metric theory of gravity (Riess et al., 1998;
Perlmutter et al., 1999). This follows a period of deceleration at z 2 0.5 (Riess et al., 2004).

1.1.4 Concordance Cosmology

There are several matter-energy components of the cosmological fluid: radiation, curvature,
pressureless matter and dark energy; each has a distinct equation of state w = p/p. Radiation
dominated the early universe, but is now almost negligible. A fluid with w < —1/3, which
dominates the current epoch, is required to explain the late time accleration (see Section 1.1.3);
a ‘dark energy’ with negative pressure is the proposed solution. If characterised as a Cosmological
Constant, A, dark energy has an equation of state w = —1. Matter is predominantly in the form
of a pressureless, non-relativistic ‘dark matter’ (CDM), which is discussed further in section
1.2; only a small fraction is baryonic. Together, these components determine the evolution and
dynamics of the Universe, so there are a wealth of studies aimed at measuring the distribution of
the energy budget of the Universe amongst its various constituents. The parameters of interest
here are the densities of radiation, §2,, matter, {dy and dark energy, €2, each relative to the
critical density for closure: §; = p;/p. for each of the components denoted by the subscript i.

The critical density is given by ,
3H=(t)
pelt) = =~ (1.6)
Finally, the curvature density parameter is defined by Qi = 1 — Qy — Qa4 — €, in the absence of
any other contributions to the cosmological fluid. An extra subscript 0 may be added to denote
the densities at the current epoch.
Various complementary observational probes have been used to constrain combinations of
these parameters; together they are able to break degeneracies and find a concordance in the

values. For example, Big Bang Nucleosynthesis (BBN) finds constraints on the baryon fraction,
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while large structures, such as galaxy clusters, are used to estimate the baryonic to dark matter
ratio. The matter power spectrum measured in the CMB by the Cosmic Microwave Background
Explorer (COBE) and WMAP along with BBN fit a total matter density of Oy ~ 0.33,
well below critical density, and yet CMB measurements also point to a flat curvature k =
0. A combination of CMB, baryonic acoustic oscillations (BAOs) and SNIa measurements
(summarized in Figures 1.2, 1.3 and 1.4) find the best fit parameters to be Qo = 0.27, Qa0 =
0.73, Qx o = 0 and €, o = 0. These and other parameter measurements can be found in Komatsu
et al. (2011).

There are other cosmological parameters that describe the global dynamics of the Universe
and structure formation within it. Several measurements are normalised against these parame-
ters. One is og, the normalisation of the matter density power spectrum. The other is the Hubble
Constant, Hy, the current value of the Hubble Parameter (see Eqn. 1.5). To simplify scaling be-
tween different cosmological models, the quantity h = H/100 km s~! Mpc~! is often used. Hy
has been determined to better than 10 percent accuracy by various independent measurements.
For example, the results from the Hubble Key Project find Hy = 72 £ 8 km/s/Mpc (Freedman
et al., 2001). Refsdal (1964) proposed a method of measuring Hy using measurements of the
differential time-delay between multiple gravitationally lensed images of a variable background
source (see Sec. 1.4.1). In practice, this method has proved challenging; the measured values
of Hy depends greatly on the choice of lens model (e.g. Falco et al., 1985; Keeton & Kochanek,
1997; Schechter et al., 1997) and assumed cosmology (e.g. Kundic et al., 1997; Koopmans &
Fassnacht, 1999), leading to a large range of values quoted in the literature. Recent time-delay
measurements of the gravitational lens B1608+656 yield a value of Hy = 70.6 & 3.1 km/s/Mpc;
the lens model is based on substantial observational data and the matter and dark energy den-
sity are fixed to {20 = 0.3 and Q) o = 0.7 with the dark energy assumed to be in the form of
a cosmological constant (Suyu et al., 2010).

1.2 Dark Matter

Is there more to a galazy than meets the eye [...]?

— Faber & Gallagher (1979)

Within the standard ACDM model, most of the matter content of the Universe is in the
form of a cold, collisionless, non-baryonic matter. The dark matter is primarily responsible for
large-scale structure formation. It generates gravitational potential wells into which baryonic
matter collects. As a result, the galaxies and galaxy clusters that are visible to us are all hosted
by dark matter haloes that extend much farther than the luminous structure. Yet the nature of
dark matter remains a mystery. Here, I review the observational evidence that has led to the
success of this proposal and list some of its leading candidates.

1.2.1 The Evidence

The requirement for a large quantity of non-luminous matter was proposed when the velocity
dispersions of Coma and Virgo galaxy clusters were shown to imply exceptionally large mass-
to-light ratio for member galaxies (Smith, 1936; Zwicky, 1937). These studies acknowledged
that the baryonic intergalactic matter (IGM) had not been accounted for, but subsequent mea-
surements of X-ray emission deemed the ionized gas insufficient to bind the clusters (Holberg
et al., 1973). Many years later, several independent studies of the rotation curves of nearby
spiral galaxies agreed that the rotational velocities remained constant out to several tens of
kiloparsecs (Roberts & Rots, 1973; Rubin et al., 1978; Bosma, 1978; Krumm & Salpeter, 1979).

11
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Figure 1.2: (Above): Contours at the 68.3%,
95.4% and 99.7% confidence levels on w and
Qum for a flat universe. The plot shows the
individual constraints from WMAP5, BAO
and the Union SN set, as well as the com-
bined constraints (filled gray contours, statis-
tical errors only). Taken from Kowalski et al.
(2008).

Figure 1.3: (Above Left): Joint two-
dimensional marginalized constraint on w
and Q. The contours show the 68%
and 95% CL from WMAP7+BAO+H,
(red), WMAP7+BAO+Hy+DAt (black) and
WMAP7+BAO+SN (purple). Taken from
Komatsu et al. (2011).

Figure 1.4: (Bottom Left): Contours at
68.3%, 95.4%, and 99.7% confidence level on
Qp and Oy obtained from WMAP5, BAO
and the Union SN set, as well as their com-
bination (assuming w = —1). Taken from
Kowalski et al. (2008).



Figure 1.5: The “Bullet Cluster” 1E0657-558 (left; Bradac et al., 2009) and the MACS
J0025.41222 (right; Bradac¢ et al., 2008) reveal clusters in a post-collision state. The back-
ground galaxy images are optical colour composites. Overlaid in red contours is the surface
mass density « for a high redshift source from the combined weak and strong lensing mass
reconstruction; X-ray brightness contours are overlaid in yellow. The separation between the
gravitational mass peaks and X-ray peaks - the former coinciding with the peak in the galaxy
distribution - is an important piece of evidence in favour of the existence of dark matter.

These flat rotation curves gave momentum to the suggestion that galaxies include a massive
dark halo component (Einasto et al., 1974; Ostriker et al., 1974). Subsequent discoveries of
gravitational lens galaxies (see Sec. 1.4) provided another measure of gravitational mass (Walsh
et al., 1979; Weymann et al., 1980), which also implied large mass-to-light ratios (e.g. Adams &
Boroson, 1979). The agreement between gravitational and dynamical mass provided support to
the notion that luminous matter did not provide the full description of the dominant substance
in objects on both galactic and cluster scales.

More recently, post-collision images of galaxy clusters that have merged along an axis in
the plane of the sky exhibit a clear separation between the peaks in baryonic matter (via X-
ray gas temperature) and the gravitational mass (via gravitational lensing) (Clowe et al., 2006;
Bradac et al., 2008). In a well-known case of 1E 0657-558, nicknamed the Bullet Cluster (see
Figure 1.5), this separation indicated that most of the gravitational mass was of a collisionless
nature; the peak in the gravitational mass distribution matched with the peak in the (sparse)
galaxy distribution, rather than the hot X-ray gas, the dominant baryonic component (Clowe
et al., 2006). The results have been presented as direct evidence for the existence of dark matter.

1.2.2 Particle Candidates and Properties

Dark matter in the generic sense, i.e. matter that is not luminous, does not necessitate the in-
troduction of an exotic particle. Several baryonic candidates have been proposed and considered
as solutions to explain observed discrepancies; these include large Jupiter-sized planets, brown
dwarfs, low mass stars (1072 < ms/My < 0.1) and low-mass black holes and stellar remnants,
which are collectively referred to as massive astrophysical compact halo objects (MACHOs).
MACHOs could, in principle, be detected via their microlensing effect on extragalactic sources
(Press & Gunn, 1973; Paczynski, 1986; Griest, 1991). More exotic candidates include sterile
massive T-neutrinos (Dodelson & Widrow, 1994), which are massive enough to allow large-scale
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structure formation, and axions (Peccei & Quinn, 1977), but the clear front-runner is the su-
persymmetric weakly interacting massive particle (WIMP). Laboratory experiments aimed at
detecting specific candidates have constrained the particle cross sections and /or rest masses (e.g.
Ahmed et al., 2009; Overduin & Wesson, 2004). Lensing studies of galaxy clusters complement
the experimental approach and have constrained the self-interaction cross section of dark matter
on large scales (e.g. Miralda-Escudé, 2002; Markevitch et al., 2004).

1.3 Galaxy Clusters

Galazy clusters represent the place where astrophysics and cosmology meet

— Borgani et al. (2008)

Galaxy clusters are the largest known gravitationally bound objects in the Universe. As
such, they serve as useful laboratories for studies of the growth of structure, gas physics, galaxy
formation and cosmology. Given clusters emit across a broad range of wavelengths, we are
provided with various observational probes for individual study, and the opportunity to perform
numerous complementary surveys with which to formulate statistics such as the mass function,
correlation functions and redshift evolution of cluster properties. Analytical models provide
limited insight into the nonlinear growth of structure; numerical simulations are necessary for
the inclusion of complex processes into our models. Indeed, synthetic clusters have indicated that
galaxy clusters are far from being isolated bodies; they are overdensities that have resulted from
gravitational collapse, grow through mergers with other galaxies, groups and clusters, display a
wealth of substructure and continue to be fed by matter flowing through filamentary structures
(Colberg et al., 1999). Neither are they identical nor self-similar; the variations encountered in
their properties has all but destroyed the notion of a ‘typical cluster’. Some observed clusters
are undergoing a merger, leading to double-peaked density distributions; in the latter stages
of the merger, this dynamical event may manifest itself simply by a transient ellipticity in the
mass distribution along the merger axis. However, with careful analysis of the large database of
clusters collected from simulations, we may begin to develop meaningful interpretations of our
observational findings.

1.3.1 Structure Formation

In the hierarchical picture of structure formation, small masses form via gravitational instability
acting on primordial density fluctuations; they then merge with other collapsed structures and
assemble into the massive virialised objects we see at the present epoch (Press & Schechter,
1974; White & Rees, 1978). The initial gravitational collisionless collapse is often described
by the spherical infall model (see Sec. 1.3.2). The subsequent growth of cluster-scale haloes
via accretion of smaller haloes, dubbed subhaloes, are demonstrated by N-body simulations;
high mass resolution simulations show that a virialised halo at the current epoch can contain
many hundreds of subhaloes (Moore et al., 1998; Ghigna et al., 2000). However, present day
substructures are but remnants of the subhaloes that were accreted by the host and suffered
from gravitational heating, dynamical friction and tidal stripping during the infall process (e.g.
Ghigna et al., 1998). The highly pressurized intra-cluster medium (ICM) strips gas from these
merging substructures, thereby reducing their mass (e.g. Dolag et al., 2009). The effect is also
apparent from the comparison of galaxies in cluster environments to those in the field; the former
have lower masses and smaller truncation radii than the latter for the same morphological type
or luminosity (Brainerd et al., 1996; dell’Antonio & Tyson, 1996; Natarajan et al., 1998; Wilson
et al., 2001; Natarajan et al., 2002). Only a fraction (< 10%) of accreted subhaloes survive these
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destructive processes (Gao et al., 2004), but the chance of survival is enhanced for subhaloes
that are more concentrated (White & Rees, 1978).

1.3.2 Define “Mass of...”

The ‘total mass’ of a cluster is not a well defined quantity - not surprising since their host
haloes have ill-defined boundaries - but there exist some useful working definitions. The need
for a strict definition is encountered when analysing, say, the cluster mass function or scaling
relations between different mass proxies. Problems arise when light is used as a tracer for mass
and assumptions like hydrostatic equilibrium or spherical symmetry are applied. In this thesis,
only a rough estimate of mass is required.

The collapse of a (spherical) halo is generally modelled by following the evolution of a spher-
ical top-hat perturbation (Gunn & Gott, 1972); a spherical region with a uniform overdensity
that exceeds some threshold initially evolves along with the background universe, but eventually
overcomes the expansion, collapses and virializes. The so-called virial overdensity, A, is defined
with respect to the critical density at the cluster formation redshift. The solution for a flat,
radiation-free cosmology (2 = 0, @, = 0, 0.1 < O(z) < 1; Eke et al., 1996) has been fitted
with 1% accuracy to a relatively simple function (Bryan & Norman, 1998):

Ac(z) = 1872 + 82 [i(z) — 1] — 39 [Qm(z) — 1]2. (1.7)

Strictly, there is a cosmological dependence as well as variation among haloes depending on their
individual formation history. However, a virial overdensity of A, = 200 is a convenient, physi-
cally motivated, and oft-used, choice. For further discussion on the choice of virial overdensity,
see Lahav et al. (1991) and White (2002). The region of the cluster which is in virial equilibrium
is contained in the virial radius, 7vir, and the virial mass, M., is simply the total mass within
this radius, i.e.

4
My = M(< 7nvir) = gﬂ-Acch\%ir‘ (18)

1.3.3 Density Profile

The density profiles of the dark matter haloes that host galaxy clusters are one of the formative
tests of the ACDM model. The distribution and abundance of giant luminous arcs (a result of
lensing by the cluster), weak lensing, X-ray emission and the velocity profiles of cluster members
are distinct observables that are sensitive to the shape of the cluster on various scales. N-body
simulations have been essential in providing the theoretical framework for this test. For many
decades, the simple power law profile, p(r) o r—8, with a flat core was sufficient for cluster studies
using analytical models and observational fits to galaxy number counts (Gunn & Gott, 1972;
Yahil, 1974). The power law function was eventually replaced by profiles that allowed the slope
of the density profile to steepen with radius. With the advent of N-body simulations, theoretical
studies of cluster-sized haloes have been able to move beyond the spherical approximation and
introduce tidal fields, triaxiality, substructure and redshift evolution into the analysis; however,
the choice of function that one should fit to the density profile remains open to debate.

Navarro et al. (1995) analysed simulated dark matter haloes in the CDM cosmology, finding
that across four decades in mass (from galaxy to cluster sizes), and a range of cosmological
parameters, the haloes are well described by a ‘universal’ mass profile. The two-parameter
Navarro-Frenk-White (NFW) radial function is:

(r) = depe
P = ) (L 1) )2

(1.9)
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Here, p, is the critical density for closure (see Eqn. 1.6) at the halo redshift. rs = rogo/ca is
the characteristic scale radius, which marks the transition in the slope of the profile. rogg is the
radius within which the mean density of the halo is 200p.. ca is the dimensionless concentration
parameter. Finally, the characteristic overdensity is given by:

200 A

0e = — .
3 In(1+ca)—ca/(1+ca)

(1.10)

The two parameters that describe the NFW profile are not independent but correlated, with
lower mass haloes having higher concentrations (Cole & Lacey, 1996). The relationship appears
to satisfy a power law so that ca o« M™% where 0.09 < « < 0.13, according to studies of
dissipationless N-body simulations (e.g. Bullock et al., 2001; Dolag et al., 2004; Neto et al.,
2007; Duffy et al., 2008), while 0.02 < o < 0.28 is determined by X-ray and lensing studies of
observed clusters (e.g. Buote et al., 2007; Comerford & Natarajan, 2007). Duffy et al. (2008) find
a redshift dependent fit for haloes over a range of masses 10" < M/Mg < 10" and redshifts
between z =0 and z = 2:

5.71 < Moo >0'097 (1 11)

200 = 11 2)047 \ 2 % 1012010,

Care must be taken when using best-fit values from this relation and making comparisons be-
tween observations and predictions; the slope and normalization of the concentration-mass re-
lation has a dependence on the choice of cosmological parameters, particularly og, and scatter
is induced by the inclusion of unrelaxed clusters in the sample (Maccio et al., 2008; Coe, 2010).
The exact values of the inner slope of the density profile and core radius of dark matter haloes
have been the subject of much debate. While flat cores are deemed a poor choice for observed
clusters, singularities are unrealistic. The NFW profile diverges in the centre and has presented
us with the ‘cusp/core crisis’ in the modelling of galaxies (e.g. Borriello & Salucci, 2001; de Blok
et al., 2001, 2003). It is unclear whether dynamical friction resulting from baryon-dark matter
interaction will solve this problem (El-Zant et al., 2001; Li & Chen, 2009). Still, we have a
model that is useful for a description of the structure outside the core of galaxies; on cluster
scales the cuspy profile is still acceptable (e.g. Dahle et al., 2003). The singular NF'W profile is
flatter than the singular isothermal profile in the central regions (well within the scale radius),
but at large radii, the density drops off more steeply than in the isothermal model. The profile
may be extended to a more general form which allows for an extra parameter, G, defining the
inner slope; it is given by: 5
CpC
)= G+ e 2
The analysis in Navarro et al. (1995) was conducted using somewhat low-resolution simulations
run within the CDM cosmology, where {231 =1 and there is no cosmological constant; subsequent
studies of high-resolution simulations have found a much steeper cusp across a large range of
halo masses with 5 ~ 1.5 (Moore et al., 1998, 1999; Ghigna et al., 2000; Fukushige & Makino,
1997, 2001), although these were also conducted in the same cosmology. Studies in which the
simulations were run in a ACDM universe have found a milder deviation from the NFW inner
slope, albeit for galaxy-size haloes (Klypin et al., 2001; Power et al., 2003), and a possible mass
dependence where the more massive cluster haloes more closely resemble the NFW form (Jing
& Suto, 2000).
While the NFW profile is invoked as a model profile throughout this thesis, there are other
successful functional forms that have described cluster halo mass profiles well. For example,
Einasto (1965) used the following law to model the three-dimensional distribution of stars in
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the Milky Way:

p(r) = ps exp <_i K;)a _ 1]) . (1.13)

Here, p_s and r_o denote the density and radius that mark the transition in the slope of the
profile; « is the slope at large radii. The Einasto profile has been shown to be a good fit to
cluster-sized ACDM haloes (Merritt et al., 2006; Gao et al., 2008). The aforementioned profiles
have been fitted to haloes found in ‘dark-matter only’ simulations, but the inclusion of baryons
has been shown to alter the profile somewhat, as discussed in Sec. 2.4.

Background galaxies that are gravitiationally lensed into huge arcs provide a powerful ob-
servational test to complement the simulations (see Sec. 1.4.1). Since giant arc properties and
statistics are sensitive to the chosen lens model, they serve as an important tool to constrain
the true profile of the cluster lenses (Hammer, 1991; Wu & Hammer, 1993; Bartelmann, 1996).
In particular, the number counts and number ratios of tangential and radial arcs are sensitive
to the central density profile (Wu & Hammer, 1993; Molikawa & Hattori, 2001; Oguri et al.,
2001). The statistics of wide-separation images are also sensitive to concentration (Keeton &
Madau, 2001). With this knowledge, studies that fit models of the cluster lens to observed arcs
have agreed that the NF'W profile is a reasonable fit; at the very least, a finite core radius of
20-100 kpc is required (e.g. Wu & Hammer, 1993; Grossman & Saha, 1994; Molikawa et al.,
1999; Comerford et al., 2006; Shu et al., 2008).

1.3.4 Triaxiality

An NFW density profile describes the overall shape of a cluster quite well, but the model is
spherically symmetric, while both observed and simulated galaxy clusters exhibit triaxial shapes
(e.g. Dubinski & Carlberg, 1991; Warren et al., 1992; Cole & Lacey, 1996; Jing & Suto, 2002;
Comerford et al., 2006). Indeed, the spherical collapse model described in Sec. 1.3.2 has been
extended to the Sheth-Tormen ellipsoidal collapse model, which better reproduces the simulated
halo mass function and halo-mass bias (Sheth et al., 2001). In the physically-motivated, triaxial
extension of the NF'W profile, the radial distance r can be re-defined according to the following

equation:
2 2 2
T Y z
r? = <a2 +g C2> : (1.14)

where x, y and z represent the principal coordinate positions, and

Q|

and q (1.15)

Vs
I
ST

are the axis ratios given that @ > b > ¢. Together, the two axis ratios define the shape of a
halo, but a single-value parametrization is in common use (see Sec. 3.3.3). Halo shapes can be
characterised as either prolate (a > b = ¢) or oblate (a = b > ¢). Simulated samples of galaxy-
and cluster-scale haloes exhibit more prolate shapes than oblate (see Fig. 1.6), but there exists a
mass dependence with more massive haloes being more prolate (e.g. Frenk et al., 1988; Warren
et al., 1992; Paz et al., 2006; Allgood et al., 2006; Bett et al., 2007).

Given a numerically simulated dark matter halo that has been discretized into Npar¢ equal-
mass particles, its axis ratios can be determined with the following procedure, which follows
Dubinski & Carlberg (1991):

1. Compute and diagonalise the inertia shape tensor I;; = Zi\[ﬂ” T

2. Identify the principal axis as the dominant eigenvector of I;;.
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Figure 1.6: The median of the axial ratio
s (see Eqn. 1.15; top panel) and the triax-
iality parameter T, (see Eqn. 3.9; bottom
panel). The low-Npq,¢ limit of 300 parti-
cles is marked with a dashed line, and data
points have also been plotted below this
limit. Error bars on the medians are plot-
ted, but most are vanishingly small. The
whisker bars are percentiles, at the equiv-
alent of 1o (68 per cent of haloes, boxes)
and 20 (95 per cent of haloes, bars); from
the bottom to the top of each graph, these
show where approximately 2.5, 16, 84 and
97.5 per cent of the haloes have s (or Tb) be-
low these values. The thick blue lines show
broken-line fits to the data. The dotted red
line is the fit of Allgood et al. (2006) who
used a different definition of a halo. Image
taken from Figure 12 of Bett et al. (2007).

3. Calculate the eigenvalues of I;; (A1 > Ao > A3).

4. Determine the axis ratios using

and

2= (1.16)

== (1.17)

The departure from spherical symmetry has a large bearing on gravitational lensing pre-
dictions, since the assumption of spherical symmetry can lead to biased results. This is the
motivation behind the study presented in Chapter 3.

1.4 Gravitational Lensing

The image distortions attributable to a lumpy universe can be thought of in two
ways, either as an impediment to learning about the intrinsic properties of the distant
objects, or as a way of learning about the stuff en route.

- Virginia Trimble, The First Lenses (2001)

One of the foremost predictions of GR (see Sec. 1.1.1) is the deflection of light by mass. In
other words, mass and the associated gravitational potential field introduces a curvature in
the space-time metric. The path along which photons propagate is described by the Geodesic

Equations:
d%z®

o
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Here T’ g‘ﬁ/ denotes the Christoffel symbols associated with the metric, * represents any of the
four coordinates specified by the subscript i, and A is the affine parameter. The deflection of
photons results in the distortion of images; the so-called gravitational lensing effect manifests
itself on different scales and is exploited for a range of astrophysical studies, some of which
are investigated in this thesis. Here, I introduce the conventional notation for the components
that describe the effect of gravitational lensing on the shape of a beam to first order. Each
background source experiences lensing in the form of convergence, k, and shear, . Convergence
is the isotropic Ricci focusing of a beam due to enclosed matter, while shear is the tidal stretching
of the beam along a particular axis; together, they serve to change the area of the source on
the sky, resulting in its magnification or demagnification, due to the conservation of surface
brightness. For a single thin lens, k is the scaled surface density of the lens, and is related to
the gravitational potential, v, via the Poisson Equation

1
Vi =k = : 1.19
2 w 2crit ( )

where the critical surface density for gravitational lensing is given by
2
C Dy

Yerit = —— . 1.20

crit 471' G DdDds ( )

Thus lensing is characterised by Dg, Dy and Dg,, the angular diameter distances from the
observer to the source, from the observer to the (thin) lens, and from the lens to the source re-
spectively. Total shear can be written in complex notation; its dependency on the two orthogonal
components are given by:

Y=, (1.21)

where the two components are linearly related to the second derivatives of the (projected)
gravitational potential along two orthogonal directions by

1
"= §(¢,11 —122) and Yo = v 12. (1.22)

The deformation of the beam is described as a mapping from the source plane to the image
(observed) plane. The Jacobian, A, of the lens mapping is a real and symmetric 2 X 2 matrix
given by
1— g — _
A= ( S 72 > . (1.23)
—72 I—rk+m
The flux magnification of an image is given by the inverse of the determinant of the Jacobian,

SO .
h=—>———. (1.24)
(1=k)?=[y?
One may now consider the effect of lensing on the apparent position of the image of the source
of light. From Eqn. 1.19, v, the two-dimensional effective lensing potential is given by

™

P(x) = / d?2'k(x")In x —x/|. (1.25)
RQ
Here x is a dimensionless vector formed by scaling the image position, &:

_£
&

X (1.26)
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Figure 1.7: Diagram of the gravitational lensing effect for a single lens plane. The light ray
propagates from the source S at the position 7 in the source plane to the observer O, passing
the position £ in the lens plane where it is deflected by an angle &. The angular position of
the source S relative to the optical axis is denoted by 3, and that of the image I relative to
the optical axis is denoted by 0. Dy, Dgs and Dy denote the angular diameter distances from
observer to lens, lens to source, and observer to source. Taken from Umetsu (2010).

The scaled deflection angle is the gradient of the lensing potential:

a=Vy (1.27)
1 x—x

= — A2 k(x) ———. 1.28

R T (1.28)

The gravitational lens equation is therefore given by
B=6-a0), (1.29)

where 3 is the angular source position and @ is the angular position of the image on the sky.
The deflection angle, &, is related to its scaled counterpart by:

EODS -
DyD g

(1.30)

&:

Gravitational lensing results in the distortion of images of background sources by the inter-
vening matter distribution; the effects fall under three categories: weak lensing, strong lensing
and microlensing. Far from massive objects, images are distorted at the percent level, an effect
known as weak lensing. Closer to foreground galaxies or the centres of clusters, we can see highly
magnified images (u > 1), arc-like features and/or the same source imaged multiple times; this
falls under the banner of strong lensing. The difference between large and subtle distortions is
phenomenological rather than mathematical, although the surface density of the lens plane is
often used as criteria for determining the need to work within a particular regime. Microlensing
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Figure 1.8: Examples of strong gravitational lensing features. Left: A background quasar is
imaged multiple times by a galaxy lens forming the ‘Einstein Cross’ in Q223740305 (NASA,
ESA and STScI). Right: Giant luminous arcs, the result of strongly lensed galaxies, are observed
in the background to images of the massive galaxy cluster lens A2218 (NASA, ESA and STScl).

refers to variations in the intensities of point-like images due to changes in the observer-lens-
source configuration, e.g. when a star within a galaxy lens moves near the image. This leads to
changes in “strong lensing” features on microarcsecond, and therefore unresolved, scales.

Observations of lensed galaxies are often used to perform lens reconstructions. This method
is sensitive to the total gravitational mass (mostly dark matter) rather than baryonic matter and
so is unaffected by biases associated with luminous tracers. Gravitational lensing thus provides a
clean probe of structure and a unique insight into gravity models and the nature of dark matter
(see Sec. 1.2).

1.4.1 Strong Lensing

When the surface density of the lens is large (k£ > 1) and/or the field varies across an image, the
image is affected not only by shear but flexion. Flexion is the third-order effect in gravitational
lensing and is effectively the gradient of the shear component (see Goldberg & Bacon, 2005). An
image suffering flexion is stretched into a highly magnified giant arc; such giant arcs have been
detected in the background to massive galaxy clusters (e.g. Lynds & Petrosian, 1986; Soucail
et al., 1987; Luppino & Gioia, 1992; Fort et al., 1992). In addition, a single source can be lensed
into multiple images, making Eqn. 1.29 a one-to-many mapping. Examples of these features are
exhibited in Figure 1.8. The tendency for a lens to split a source into multiple image depends
not only on the surface density of the lens, but on the chance alignment of the observer, lens and
source. Given a lens mass distribution and a source redshift, it is possible to define a caustic (or
source caustic): a set of boundaries which separate regions with image multiplicities which differ
by two. It is also the locus of points in the source plane for which the Jacobian determinant of
the lens mapping vanishes. Caustics map to critical curves in the image plane, which indicate
the positions of highly magnified images (for a given source redshift). Figure 1.9 shows some
typical caustic patterns for a highly elliptical lens.

Both tangential caustic and radial caustics are seen, which form tangential and radial im-
ages, respectively. Radial images are more likely to be hidden by the lens itself, but have been
detected (Fort et al., 1992). When a source lies on a caustic, one observes merging images. If the
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Figure 1.9: Diagrams of a source caustic (above) and the corresponding critical curve (below).
A source is shown in green on the panels above, while the corresponding images are shown in
green on the panels below. The panels correspond to: a source lying near a fold of a radial
caustic (left); a source lying near a fold of a tangential caustic (middle); and a source lying near
a cusp (right).

source is located near the fold caustic, two images are seen to merge, as depicted in the middle
panels of Figure 1.9. On the rare occasion that the source lies near a cusp caustic, where two
folds meet, three images merge simultaneously, as shown in the rightmost panels of Figure 1.9
(Blandford & Narayan, 1986; Grossman & Narayan, 1988); the longest arcs are produced in this
case (Grossman & Narayan, 1988). The positions, shapes and magnifications of multiple images
and giant luminous arcs have been used to constrain the mass in the central regions of the lens
cluster (e.g. Takahashi & Chiba, 2001; Comerford et al., 2006). In addition, the abundance of
these giant arcs are a powerful probe of cosmology with the ability to constrain structure for-
mation parameters og, Qy and Q2 (Bartelmann et al., 1998; Cooray, 1998; Takahashi & Chiba,
2001; Wambsganss et al., 2004). The lens mass distribution initially ascertained from lensing
studies can then allow future searches for the more distant objects within the predetermined
critical curves. This technique, exploiting lenses as natural gravitational telescopes, has gained
momentum over the past few years with various searches for high redshift galaxies and super-
novae behind galaxy clusters (e.g. Richard et al., 2006, 2008; Goobar et al., 2009; Bradac et al.,
2009).

1.4.2 Weak Lensing

Weak lensing induces a distortion to the images of background galaxies at the percent level;
theoretical and numerical studies predict a shear amplitude of 2 —5 percent in the field on scales
below 10 arcminutes (Jain & Seljak, 1997). In theory, measuring the induced ellipticity allows
one to determine the gradient in the lensing potential, so weak lensing studies generally aim to
map out the surface density of the lensing mass from the distortions of the background sources.
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One of the major challenges in weak lensing is that the intrinsic ellipticity of individual galaxies
is substantial and unknown to the observer, so the effects of the intervening large-scale mass
distribution are only recovered by averaging over an ensemble of galaxies. A number density
of 20 arcmin~? is a typical depth for ground-based observations. A coherent distortion is the
signature of lensing, assuming that the alignments of the background sources are not correlated.
Cosmological weak lensing, which is often referred to as cosmic shear, was first detected at
the beginning of the 21st century (Wittman et al., 2000; Bacon et al., 2000; Van Waerbeke
et al., 2000) although the equivalent effect in the outskirts of cluster lenses had been detected
a decade earlier (Tyson et al., 1990). Since then, weak lensing measurements from the Hubble
Space Telescope Cosmic Evolution Survey (COSMOS; Schrabback et al., 2010), the Canada-
France-Hawaii-Telescope Large Area Survey (CFHTLS; Hoekstra et al., 2006; Fu et al., 2008)
and COMBO-17 (Brown et al., 2003) have begun to measure the projected two-dimensional
matter power spectrum of the large-scale mass distribution and place constraints on {2y and og.
In addition, dedicated surveys have been planned with the measurement of cosmic shear, and in
particular, the determination of the nature of dark energy, as one of their main science drivers.
These include the ground-based Panoramic Survey Telescope and Rapid Response System (Pan-
STARRS)!, the VST-KIlo-Degree Survey (KIDS)?, the Dark Energy Survey (DES)?, the Large
Synoptic Survey Telescope (LSST)* as well as the space-based Euclid (Laureijs, 2009)° and the
Joint Dark Energy Mission (JDEM)® which has recently been rebranded as the Wide-Field
InfraRed Survey Telescope (WFIRST).

1.4.3 Magnification Bias

While various missions actively search for the weak lensing signal, large surveys for galaxies,
quasars and supernovae suffer a two-fold magnification bias as a result of the same phenomenon
(e.g. Wambsganss et al., 1997). When a source is magnified, its total surface area on the sky
is increased; consequently, for a given area of sky observed, the region of the source plane
being sampled is decreased. On the other hand, magnification will push some sources above the
observational threshold in flux-limited surveys. These two effects have counteracting effects on
source counts, but by no means cancel each other out. Also, for sources that are demagnified,
the effect is reversed; indeed the majority of sources are de-magnified relative to the case of a
perfectly homogeneous universe (see Sec. 4.3.1).

The net bias is dependent on intrinsic source properties, selection procedures and the prob-
abilistic lensing effect. For example, the steeper the slope of the intrinsic source luminosity
function, the greater the effect of magnification in increasing the source count. The extent of
the magnification bias also increases with source redshift so surveys that push the limits of de-
tection will be the most affected (Wyithe et al., 2011). Additionally, a survey may be designed
such that regions close to intervening galaxies may be avoided (Dyer & Roeder, 1974), otherwise
a correlation with foreground galaxies can provide evidence of the gravitational lensing bias.
This is related to the fact that magnified objects are overrepresented in flux-limited samples
(Turner et al., 1984), adding to the Malmquist bias. Such a correlation has been searched for
within different quasar samples on a range of scales (e.g. Seldner & Peebles, 1979; Webster et al.,
1988; Boyle et al., 1988; Bartelmann & Schneider, 1994; Myers et al., 2003; Gaztanaga, 2003;
Scranton et al., 2005). Interpretations are complicated by the possibility that extinction by dust

"http://pan-starrs.ifa.hawaii.edu
*http://www.astro-wise.org/projects/KIDS/
3http://www.darkenergysurvey.org/
“http://www.lsst.org

®http://sci.esa.int/euclid

Shttp://jdem.lbl.gov/ and http://jdem.gsfc.nasa.gov/
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0.8

Figure 1.10: Projected mass distribution
k of galaxy cluster A1689 on a grid re-
constructed from a combination of weak
lensing and strong lensing data. Overlaid
on the image is the reconstructed gravita-
tional shear field. A stick with a length of
5% shear is indicated in the top right cor-
ner. Image taken from Umetsu & Broad-
hurst (2008).
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present in foreground galaxies may lead to an anti-correlation, depending on the wavelength of
the survey. In addition, the intrinsic source luminosity function and magnification probability
distribution are unknown. An appropriate model for the latter may be incorporated into the
analysis of source counts and this is precisely the subject of the study presented in Chapter 4
of this thesis.

1.4.4 Lens Reconstruction

The gravitational lens inversion problem is non-trivial, and there is considerable literature dis-
cussing the most appropriate, accurate and efficient way to reconstruct the lens and source
profile from a given distribution of images, with or without multiple images, with or without
redshifts and with or without a luminous lens. A distribution of many weakly lensed galaxy
images can be used to reconstruct the surface density field, ¥(0), given the quadrupole moments
of the images, for which the expected value is proportional to the gravitational shear, v (e.g.
Kaiser & Squires, 1993; Bartelmann, 1995b; Kaiser, 1995). The shear field is related to the
convergence field via the following relation

x(6) = - /R ] d?0'D*(0 — 6')~(0'), (1.31)

where D(0) is the complex kernel given by

02 — 62 — 2i6,0,

PO =T

(1.32)

These methods are based on the assumption that the background galaxy orientations are sta-
tistically random, i.e. that the observing field is sufficiently large. The observed mean distortion
of background galaxies does not give a measure of the shear, per se, but the reduced shear g,

which is related to v by
gl

1—k

g= (1.33)

In the weak lensing limit (k < 1), this reduces to the shear. The mass distribution recovered
from cosmic shear studies is actually a projected mass density; thus cosmological results depend
on predictions of the projected matter power spectrum. Furthermore, due to the large number
of source galaxies required, accurate redshifts cannot be ascertained for all of them; a redshift
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distribution is usually assumed. However, without redshift information for multiple source
galaxies, the lens surface mass density cannot be uniquely determined as the expected image
ellipticities and the position of the critical curves are invariant under the transformation

k— (1 =X)+ A, v = Ay (1.34)

for an arbitrary constant A (Schneider & Seitz, 1995). This so-called mass-sheet degeneracy
also affects strong lensing reconstructions since flux ratios also remain unchanged, even though
individual flux magnifications are affected. When giant arcs or multiple images of the same
source are identified, a whole new regime of lens reconstruction is opened up. Several approaches
combine both strong and weak lensing data and break this degeneracy (e.g. Kneib et al., 2003;
Bradac et al., 2004), mostly applied to cluster lensing. Methods that aim at reconstructing the
lens and /or source of a strong lensing system, with or without the inclusion of weak lensing data,
come in two flavours: ‘parametric’ or model-dependent (e.g. Kochanek, 1991; Kneib et al., 1996;
Jullo et al., 2007) and ‘non-parametric’ or ‘grid-based’ (e.g. Wallington et al., 1996; Williams
& Saha, 2000; Brewer & Lewis, 2006; Suyu et al., 2009). The former requires an assumed
functional form for the lens profile, while the latter provides surface density maps that must
be de-projected in order to make any comparisons with theoretical predictions. Recent works
have seen methods that do not fall cleanly into these categories as they allow the number of
parameters to vary with the number of observables (Coe et al., 2008; Jullo & Kneib, 2009).

1.5 Thesis Outline

In this thesis, I explore the theoretical predictions of gravitational lensing on a range of scales.
I begin with an investigation of strong lensing on cluster scales. The triaxiality of galaxy
clusters introduces a strong orientation dependence in the cross section for multiple imaging;
in Chapter 3, I analyse a large sample of simulated clusters and correlate the shape of the
cross section probability distribution with various cluster properties so that multiple imaging
statistics may be interpreted appropriately for future structure formation studies. In Chapter 4,
I make the first direct comparison between a ray-tracing method that numerically integrates the
path of a photon and one which invokes the multiple lens-plane algorithm, to determine how
this oft-used approximation affects the weak lensing predictions, in particular the magnification
probability distribution for background sources. Gravitational lensing can itself be the source of
bias in measurements that ignore its effects; in Chapter 5, I study the effect of foreground lenses
on the prospects of the envisioned Redshift-Drift Experiment (also known as the Sandage-Loeb
test). A discussion of my findings and proposed future studies are presented in Chapter 6.
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Chapter 2

Simulating Structure

But all hold course unalterably fized;
They follow destinies foreplanned

- O World of Many Worlds, Wilfred Owen

N-body simulations play a unique role in the study of nonlinear growth of cosmological
structure, a regime in which analytic methods are limited, and have done so since the 1970’s
(e.g. Miyoshi & Kihara, 1975; Aarseth et al., 1979). Simulations that describe cosmological
scales have been widely used to model clustering properties, among other statistical descriptions
of the universe for a given cosmology. Subsequent comparisons with survey data and analytical
models provide a test of the physics that drives structure formation. The basic methodology
involves:

1. Discretizing the mass within a cosmological volume into ‘particles’ which represent some
underlying fluid.

2. Generating initial conditions for the simulation at some early epoch based on some chosen
cosmology.

3. Evolving the positions and velocities of these particles under gravity.
4. Capturing the results at specific epochs

The structures modelled by N-body simulations are the subject of analysis in Chapters 3 and 4.
There are a number of issues surrounding the numerical method that must be taken into con-
sideration when interpreting and determining the validity of results. An overview of these issues
is presented in the following chapter, followed by a description of the N-body code and group-
finding algorithms used in this thesis. Some of the discussion revolves around the appropriate
modelling of cluster cores, as this is relevant for the work presented in Chapter 3.

2.1 Evolving Structure under Gravity

N-body simulations model the evolution of matter under the action of gravity by following indi-
vidual particle trajectories. The post-Newtonian approximation is invoked to allow a reasonable
method of dealing with inhomogeneities that perturb the FLRW metric. The perturbations to
the metric can be small even when the density perturbations are large. As long as the velocities
of the particles are much less than the speed of light, we may fix the expansion law based on
the homogeneous mass distribution and describe the gravitational field of each particle by the
Newtonian potential. The exact application of the gravitational force is complicated by the
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discretisation of a smooth distribution of matter (addressed in the Sec. 2.2), but by and large
the N-body problem is a computational challenge; the gravitational force on each particle as a
result of all other particles must be calculated at each time-step. Taking a brute-force approach,
the number of calculations grows as Ng, where N, is the total number of particles in the simu-
lation. Several approaches to the N-body problem have been developed, most implementing a
combination of the following two techniques. The first, the Barnes-Hut tree-code, divides the
three-dimensional space into cubes (or cells) at each time-step, each of which may be recursively
subdivided into 8 sub-cells, thus constructing a tree. To determine the force on each particle, the
code descends through the hierarchy proceeding to the daughter cells if the ratio of the cell-size
to the distance to the cell’s centre-of-mass exceeds some fixed tolerance parameter 6 (Barnes &
Hut, 1986). The computation time grows as Nplog/N,. The second scheme, the particle-mesh
method (PM), interpolates each particle onto a regular grid, then uses Fourier techniques to
solve the Poisson equation (e.g. Hockney & Eastwood, 1981; Klypin & Shandarin, 1983; Efs-
tathiou et al., 1985). The CPU time now scales as NylogN,, where N, is the number of grid
cells; the spatial resolution, and consequently force accuracy, is limited by the mesh-spacing.

2.2 Discretisation

The particles whose positions and velocities are evolved in N-body simulations are essentially
a Monte Carlo sampling of the underlying smooth mass distribution. Limitations are imposed
for scales above the physical box size (Lyox) as well as scales below the mean inter-particle
separation (A, = Lpox/ {”/Fp) Specifically, the smallest wavemode that can be represented in
the initial power spectrum is the Nyquist scale k 2 kny/2, where kxy = /A, is the Nyquist
wavenumber. The largest wavemode is defined by finite the box size. The smallest sensible box
size is that for which the length of a side corresponds to the scale that has just begun to go
non-linear at the final epoch of the simulation, usually z=0. Although the halo mass-function
is affected by the truncation of the power spectrum, the halo shapes remain unaffected (Power
& Knebe, 2006).

Two-body relaxation is arguably the most important discreteness effect in collisionless sim-
ulations; direct interactions between two point masses result in high accelerations when the
separation vector, r, is small. This effect eventually leads to the numerical depression of struc-
ture (Power et al., 2003). Hence, smoothing is required to describe the forces on the particles
more accurately, particularly the forces from nearby particles. The most common method of
smoothing is to replace the gravitational potential for each particle with that for a Plummer
sphere of equal mass, thereby removing the singularity that appears at » = 0 for a point mass.
The modified law that describes the force between two particles with masses m; and m; is:

r

Fij(r) = Gmym; 702 ey

(2.1)
where € is the softening length. When applying grid methods to calculate forces, the softening
length may be interpreted as the width of the kernel that is convolved with the particle density
field. Too large a length will bias the force calculations (Merritt, 1996) and result in numerically
flattened halo cores (Moore et al., 1996). In practice, users of N-body simulations set a gravi-
tational softening length at least an order of magnitude smaller than the global mean particle
separation, and it may be allowed to vary with redshift. An ‘optimal’ value of the softening
length may be judged based on the aims of the simulation analysis. For example, a choice that
minimises force errors is dependent on the global mean particle separation and proportional to
~ N, 03 (Merritt, 1996; Dehnen, 2001); however, Rodionov & Sotnikova (2005) suggest a value
that is a factor of 1.5-2 smaller than the mean particle separation in the densest region that
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needs to be resolved; Power et al. (2003), meanwhile, suggest a value of € ~ 47“viva_ir0'5: where
Nyi; is the number of particles within the virial radius of the halo being analyzed.

Even after an N-body simulation has been completed, the analysis of the density distribution
is subject to the effects of discrete sampling. While high density regions are well described by the
particle positions, shot noise plagues the regions of low density. Algorithms such as Nearest Grid-
Point (NGP), Cloud-In-Cell (CIC) and Triangular-Shaped Cloud (T'SC) are popular methods of
assigning mass to a regular grid (Hockney & Eastwood, 1988); further smoothing by a Gaussian
or top-hat filter allows mass to be spread over a fixed scale. For studies undertaken in this
thesis, a combination of CIC and Gaussian filtering are employed (see Sections 3.2.2, 4.2.4,
4.4.2, 3.2.3 and 3.6.2). The Delaunay Tesselation Field Estimator method (DTFE; Schaap
& van de Weygaert, 2000) is a technique for reconstructing the density field from a discrete
sampling; it has been shown to perform well when a wide range of densities are present, and has
been gaining popularity.

2.3 Generating Initial Conditions

At early times, the growth of structure is linear and the matter power spectrum is linearly related
to its primordial form via a transfer function (Bardeen et al., 1986). N-body simulations may
begin at the epoch when linear evolution of matter is no longer valid for the scales represented in
the simulation box. Up until that point, however, the linear matter power spectrum is sufficient
to describe the evolution of matter distribution. Several codes, such as CMBFAST (Seljak &
Zaldarriaga, 1996), CAMB (Lewis et al., 2000) and CMBEASY (Doran, 2005) can be used to determine
the linear matter power spectrum / transfer function for a given set of cosmological parameters
QM, QA, Qk, h and 0s.

The pre-initial distribution! of particles can come in two possible configurations. In one,
particles are regularly distributed onto a grid; this forms a ‘lattice’. In the other, the particles
are randomly distributed, then evolved gravitationally, but with the sign of gravity reversed,
until the forces on each particle are balanced; this is referred to as a ‘glass’. To generate the
initial conditions (ICs) for the simulation, the matter power spectrum is applied to the pre-
initial particle configuration. This is usually done via the Zel’dovich approximation (Zel’Dovich,
1970), which uses first-order Lagrangian perturbation theory. Particles are perturbed from their
pre-initial position and the initial velocities are proportional to this perturbation.

The starting redshift, or redshift of the ICs, is chosen such that all modes sampled by the
simulation box are linear up until that epoch (i.e. the Zel’dovich perturbation is small compared
to the mean inter-particle spacing; Lukié¢ et al., 2007) and at z = 0 all memory of the pre-initial
distribution is lost (Crocce & Scoccimarro, 2006). If the chosen redshift is too low the formation
of the smallest-scale structures is delayed (Jenkins et al., 2001), but if the starting redshift is
too high, force errors are introduced (Lukié et al., 2007). With each particle assigned a position
and velocity at some initial redshift, we are now ready to begin the N-body simulation.

2.4 Simulations without Baryons?

The simulations undertaken for the work presented in Chapters 3 and 4 incorporate collisionless
particles only; that is to say, dark matter structure is evolved under gravity with the effect
of baryons ignored. On large-scales, the distribution of gas follows the dark matter potential
wells; the weak lensing effect is sensitive to large-scale structure, so the collisionless simulations

Lipre-initial’ is the label commonly given to the distribution of particles before the primordial power spectrum
converts it into the ‘initial condition’ for the simulation.
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will suffice. On galaxy-scales, gas cooling and feedback can alter the gravitational potential
(e.g. Blumenthal et al., 1986), but the role of baryons in shaping the core of clusters is unclear.
The temperature of the ICM is too hot to allow efficient cooling, so the baryonic matter must
simply follow the dark matter potential and would not have a significant impact on its shape
(e.g. Broadhurst & Barkana, 2008). Nevertheless, simulations that incorporate various baryonic
processes, such as gravitational heating, gas cooling, star formation and AGN feedback, exhibit
indirect consequences. For example, given sufficient mass and force resolution, dense galactic
dark matter (sub)haloes survive in clusters (Moore et al., 1996; Klypin et al., 1999), but dynam-
ical friction drives massive subhaloes towards the cluster core where they are more effectively
tidally stripped of their mass (Tormen et al., 1998), allowing more mass to be deposited around
the core than otherwise, therefore modifying the central cluster profile (Barkana & Loeb, 2010).
Radiative cooling increases halo concentration, while AGN feedback has the opposite effect, but
the efficacy of the first mechanism is dependent on the strength of the latter, which in turn
is constrained by observed stellar fractions (Duffy et al., 2010). Similar results are found with
regards to the cross-section for giant arcs, i.e. cooling and star formation serve to increase the
strong lensing cross-section (Rozo et al., 2008), while AGN feedback moderates this effect (Mead
et al., 2010). While the relevance to the study presented in Chapter 3 is acknowledged, the net
result on the total density profile in a realistic application of all the aforementioned baryonic
processes requires further investigation, so for the present work, collisionless simulations will
suffice. The absence of gas also results in the exclusion of magnetic fields from analysis; but
this is deemed appropriate as the energy density of large-scale magnetic fields is a few orders of
magnitude below the kinetic and potential energies of the particles (Miyoshi & Kihara, 1975).

2.5 GADGET?2

The cosmological simulations of structure formation are performed with the widely-used, publicly
available parallel N-body code, GAlaxies with Dark matter Gas intEracT (GADGET2; Springel,
2005). The collisionless dark matter is represented by NN, particles of equal mass within a box
with periodic boundary conditions imposed. The mass of each particle is given by:

2.77 x 101! Ly 3
=0 or h 1 M,. 2.2
mp Np M,0 <MpC/h> O] ( )

The gravity solving scheme is a particle-mesh tree code, a hybrid of the two aforementioned
methods (see Sec. 2.1). The gravitational potential is replaced with the Plummer-sphere equiva-
lent via the force softening length, €, but the force between two particles separated by more than
2¢ is unsoftened. € expands with the scale factor, a(t), for high redshift, but is capped at a fixed
physical length, so after a certain epoch it remains constant. That is to say, the simulations begin
with a redshift-dependent gravitational force-softening length of € = €.,/(1+2) kpc/h (Plummer-
equivalent). After a redshift of z < z;, the softening length is capped at € = €ppys kpc/h.
Therefore 2z, = €.o/€phys — 1. Note that Newtonian gravity is applied with GR incorporated
by scaling the simulation box, and the physical distance between the particles, according to
the evolution of the scale factor. GADGET2 employs an adaptive time-stepping scheme in which
particle acceleration limits the chosen step-size.

2.6 Identifying Clusters

The predictive power of N-body simulations is limited by how one draws parallels between
simulated and observed structure. The work presented in Chapter 3 requires the identification
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Figure 2.1: Left: The large-scale structure distribution in a z=0 snapshot from a GADGET2
simulation. The box is 100 Mpc/h across. Right: One of the simulated cluster-sized haloes
and all the mass within 3 virial radii from the halo centre. Lighter colours represent denser
regions. The mass distributions have been artificially smoothed over 10 kpc/h and 6 kpc/h
scales respectively.

of the dark matter haloes that host galaxy clusters as well as substructure within a larger-
scale object, i.e subhaloes within a host/parent halo. The difficulty with the former lies in
quantitatively defining the fairly intuitive idea of haloes that are nestled within a vast cosmic
web; with the latter, problems arise in the separation of subhaloes from the host in which they
are embedded. There exist a wide range of ‘group-finding’ algorithms that perform these tasks;
each takes a slightly different approach and therefore is sensitive to slightly different forms of
structure. These include: Spherical Overdensity (SO; Press & Schechter, 1974), SKID (Stadel,
2001), SUBFIND (Springel et al., 2001), AMIGA/MLAPM Halo Finder (AHF/MHF; Gill et al., 2004),
HOP (Eisenstein & Hut, 1998), DENMAX (Gelb & Bertschinger, 1994), ISODEN (D. W. Pfitzner &
J. K. Salmon, 1996), PSB (Kim & Park, 2006), VOronoi BOund Zones (VOB0Z; Neyrinck et al.,
2005) and Bound Density Maximum (BDM; Klypin et al., 1999). Each algorithm may implement
one or more of the following procedures:

e Link particles within close proximity

Locate the peaks in the density field

e Remove unbound particles by comparing their kinetic and potential energies

Select a group of particles that surpass a minimum mean overdensity

Track mass accretion through merger trees.
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Reference Cosmology Lox myp 2 €co Ephys
(Om0, a0, by 08) | (Mpe/h) | (Me/h) (kpe/h) | (kpe/h)
Sec. 3.4 0.27, 0.73, 0.71, 0.9 100 45%x10° | 39 16 5
Sec. 3.5 0.27, 0.73, 0.71, 0.9 256 8.0 x 1010 [ 39 50 20
Sec. 4.4.1 | 0.27,0.73, 0.71, 0.9 50 6.3x10% | 39 16 16
Sec. 4.4.5 | 0.27,0.73, 0.71, 0.9 50 6.3x10% | 39 16 5

Table 2.1: Database of simulations analyzed throughout this thesis. Parameters are described
in the text.

2.6.1 AHF

The publicly available MPI parallel code AMIGA’s Halo Finder (AHF) identifies overdensities
using a subset of the aforementioned procedures. This particular group-finder is used to anal-
yse simulations and identify the haloes for the studies presented in Sections 3.4 and 3.5. A
brief overview is given here, but for further details, the reader is referred to Gill et al. (2004),
Knollmann & Knebe (2009) and the User Manual?.

An adaptive mesh-refinement scheme constructs a grid hierarchy based on particle density;
the scheme locates prospective halo centres as density peaks and forms the hierarchical tree
structure from which substructure can be classified. For all subhaloes, particles within a sphere
with a radius equal to half the distance to the host halo are collected for tentative inclusion.
Unbound particles are iteratively removed, by comparing the particle velocities to the local
escape velocity. The extent of each halo, its virial radius, is defined by the radius at which
the average enclosed density drops below the virial overdensity (see Sec. 1.3.2). Alternatively,
the virial radius may be defined as the radius at which the density profile begins to rise, either
because a neighbouring halo is encountered or background density of the host halo rises above
that of the embedded subhalo.

Subhaloes are haloes that lie within the virial radius of a more massive host. The particles
that make up a subhalo are also included in the parent halo. MergerTree, one of the bundled
software packages within AHF, can be employed to identify subhaloes through the analysis of
AHF output. The identification of particles common to larger and smaller subhaloes between
different snapshots of the same simulation allows one to construct a merger tree; while this is
the main intention of the MergerTree, it is not the application required for the present study.
Instead, it is used to exclude subhaloes from cluster samples.

2.7 Database of Simulations

Throughout this thesis, several simulations have been run and analyzed for a range of studies.
In Figure 2.1 I provide a database of the relevant physical and technical parameters of each of
the simulations carried out. Although the individual simulations are presented in each chapter
where they are analyzed, the reader may refer to this database for an overview. The cosmolog-
ical parameters are based on the 1-year WMAP results (Spergel et al., 2003), which allow for
consistent comparison with earlier works in the literature.

http:/ /popia.ft.uam.es/ AMIGA /pagel /pagel.html
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Chapter 3

Strong Lensing by Triaxial Galaxy
Clusters

Assume a spherical cow.

- Anonymous

Galaxy clusters are the most powerful known natural gravitational telescopes. Optical images
of their centres reveal spectacular effects of strong lensing as distant galaxies are imaged multiple
times and distorted into huge arcs, such as those shown in Figure 1.8. Cluster lenses also produce
larger separation images which can constrain the density profiles of dark matter haloes (Maoz
et al., 1997; Keeton & Madau, 2001). Numerous instances of galaxy sources that are multiply
imaged by cluster lenses have been discovered (e.g. Kneib et al., 1996; Broadhurst et al., 2000,
2005; Sharon et al., 2005), but quasars multiply-imaged by clusters are much rarer; at the time
of writing, only two such lensing systems have been discovered, both from the quasar sample
of the Sloan Digital Sky Survey (SDSS; Inada et al., 2003, 2006). The low number of large-
separation quasar lens systems is generally deemed consistent with the ACDM model, with
some caveats. The number of predicted multiply-imaged quasars increases with og, yet rather
high values of o5 ~ 0.9 seem to be preferred over og ~ 0.7 (Li et al., 2007; Hennawi et al.,
2007a). Oguri et al. (2004) use the observed number of lenses to constrain a rather high value
for the normalisation (og = lfgé) given a steep inner density profile for a cluster (8 = 1.5),
noting that og could only lowered by steepening the profile even further. One of the major
goals of the next generation of cosmological surveys, such as the highly anticipated wide-field
synoptic surveys LSST and Pan-STARRS, is to search for variable sources. They are expected
to detect ~ 10% quasars of which roughly 300 will be multiply-imaged by clusters (Hennawi
et al., 2007a). The statistics of multiple images have been shown to be highly dependent on
Q0 via the dependence on angular diameter distances (Kochanek, 1996; Maoz et al., 1997;
Premadi et al., 2001). However, the triaxiality of clusters can increase the expected abundance
of multiply-imaged quasars, compared to the spherical prediction (Oguri & Keeton, 2004). It is
essential, therefore, that the extent to which cluster properties and nearby structure impact on
the observed statistics of multiply-imaged sources is incorporated into the ACDM prediction.

The population of clusters that exhibit strong lensing are a specific subset of the general
population of clusters. They sample the high mass end of the cluster mass function (Comerford
& Natarajan, 2007) and have larger concentrations for a given mass (Fedeli et al., 2007; Hennawi
et al., 2007b; Oguri & Blandford, 2009). They are no more triaxial than the general cluster
population (Hennawi et al., 2007b; Meneghetti et al., 2010), however, their major axes are
preferentially aligned with the line of sight (Miralda-Escude, 1993; Hennawi et al., 2007b; Oguri
& Blandford, 2009; Meneghetti et al., 2010). Although the preferential orientation can boost
strong lensing to a greater extent for more triaxial clusters, this effect is apparently balanced
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by the decrease in the probability of strong lensing when the line of sight is misaligned with
the major axis (Wu & Hammer, 1993). Member galaxies appear to have a minimal effect of
strong lensing efficiency (Flores et al., 2000; Meneghetti et al., 2000) although their efficacy is
dependent on the ellipticity of the cluster (Meneghetti et al., 2007). The role of the cD galaxy,
located at the cluster core, is moderated by other factors; it has the abililty to increase the giant-
arc cross section by 50 percent (Meneghetti et al., 2003a), with an efficacy that is dependent on
the size/mass/Einstein radius of the cluster lens, but the enhancement of the multiple imaging
cross section is small compared to the effect of the chosen model profile (Wyithe et al., 2001).
When analysing individual triaxial cluster lenses, adopting a spherical model for the de-
projection of the two-dimensional lensing data leads to an underestimate of the giant arc abun-
dance (Bartelmann & Weiss, 1994; Bartelmann et al., 1995) and overestimates of the radial to
tangential arc ratio (Molikawa et al., 1999), the cluster mass (Bartelmann, 1995a; Oguri et al.,
2005) and concentration (Meneghetti et al. 2010). In addition, since strong lensing is sensitive to
the orientation of cluster lenses, individual clusters are able to exhibit a range of strong lensing
cross sections depending on the viewing angle (Dalal et al., 2004; Ho & White, 2005). In this
chapter, I investigate how the probability distribution of the strong lensing cross section is de-
pendent on a range of cluster properties. The strong-lensing phenomenon will be characterized
not by the formation of giant-arcs, which has been given much attention in the literature, but
by multiple imaging. To this end, I construct the Multiple Imaging Cross Section Probability
Distribution Function, the opPDF, from a sample of simulated clusters by analyzing numerous
projection directions. The role played by associated filamentary structure is investigated.

3.1 Synthetic Clusters

As a result of the subtleties that affect strong lensing features, analytical models fail to describe
the predicted arc statistics accurately and one must turn to N-body simulations to synthesize
clusters within the chosen cosmology (Meneghetti et al., 2003b). However, in order to disentangle
the effects of halo shape and substructure, simple model lenses are invaluable. Here I discuss
the use of simulations to provide a ‘simulated cluster’ sample.

3.1.1 Simulated Clusters

Predictions based on cluster lenses are less susceptible to the effects of non-gravitational physics
(see Sec. 2.4) than galaxy lenses; the N-body simulations presented in this chapter are all
collision-less. The dark matter distribution is discretised into Ng’ particles distributed within a
periodic box with co-moving length of Lygy; the initial displacements are in a ‘glass’ configu-
ration. One may be somewhat concerned that the properties of the simulated haloes could be
affected by the choice of numerical parameters. So we ask the question:

“How many particles should be contained within the virial radius?”

The answer to this is dependent on the properties of the halo that one is interested in. As Power
et al. (2003) demonstrate, resolving regions closer to the centre of a halo requires more particles.
For example, the inner mass profile down to 3 percent of the virial radius can be trusted only
if the virial radius contains at least 5 x 10* particles. However, when Jing & Suto (2002) model
cluster haloes in a cosmological simulation, they find that replacing high resolution simulated
clusters, which have 10% particles within the virial radius, with clusters that sample only 10* of
these particles has a negligible effect on the measured triaxiality and decreases the concentration
by only 8 percent.

33



Strong lensing is a function of cluster redshift (Bartelmann et al., 1995). Early studies found
strong lensing clusters to lie typically around z;, ~ 0.3 (Wu & Hammer, 1993), however, the
optimal value is increased for higher source redshifts (Li et al., 2005). Recent high-redshift cluster
surveys, such as the Las Campanas Distant Cluster Survey (LCDCS; Zaritsky & Gonzalez, 2003),
the MAssive Cluster Survey (MACS; Ebeling et al., 2001) and the Red-sequence Cluster Survey
(RCS; Gladders et al., 2003) have provided samples of high redshift 0.3 < z < 0.7 strong lenses
(Horesh et al., 2010; Zitrin et al., 2011). In the present work, I select clusters from simulation
snapshots at zy, = 0.3 to investigate. At this redshift, the angular diameter distance to the lens
is Dy =~ 650 Mpc/h, so one arcsecond corresponds to a physical scale of ~ 3 kpc/h.

The Extent of the Lens

Gravitational lensing is the result of all mass that lies along the line of sight. While that
mass may be dominated by a single primary lens, the projection of large scale structure can
contribute to the strong arc abundance (Hennawi et al., 2007b). Indeed, previous studies have
shown that the triaxial major axis of cluster haloes are somewhat preferentially aligned with
external filamentary structure (Bailin & Steinmetz, 2005; Altay et al., 2006; Zhang et al., 2009)
and lie parallel to the surface of nearby voids (Patiri et al., 2006; Brunino et al., 2007), and
conversely, the minor axes lie perpendicular to the ‘host” wall or filament (Aragén-Calvo et al.,
2007) and are directed radially away from nearby voids (Patiri et al., 2006; Brunino et al., 2007).
one must appreciate that these filaments may play an important role in skewing the o)PDF at
the high optical depth end. Hence, the mass within a few virial radii of the cluster centre may
be projected onto the lens plane that is constructed for each orientation. The ‘lens’ would then
contain not just the cluster, including substructure, but correlated large-scale structure as well.
Thus, the lenses constructed from simulated clusters include all particles for which r < (eyut,
where 7 is the distance of the particle from the cluster centre. The results are repeated for
a range of values for (.,+ so that one can attempt to disentangle the contribution of various
components of the lens (see Sec. 3.5).

3.2 Measuring the Cross Section for Strong Lensing

Ways of characterizing the cross section for strong lensing by a galaxy cluster lens vary across
the literature; a range of quantifiers have been identified and are listed below:

e images with an arc length above a threshold which ranges from 5 to 10 arcseconds (Bartel-
mann et al., 1995)

e images with an arc width above a threshold of up to 3 arcseconds (Bartelmann et al., 1995)

e images with a curvature radius (relative to deflection angle at the image) above a threshold
of up to 10 (Bartelmann et al., 1995)

e images with an arc length-to-width ratio above a threshold which ranges from 5 to 15
(Bartelmann et al., 1995; Bartelmann, 1995a; Oguri et al., 2003; Puchwein & Hilbert,
2009)

e images with magnifications above a threshold of 10 (Hilbert et al., 2007)

e probability of a source producing at least one image with an arc length-to-width ratio
above a threshold which ranges from 5 to 15 (e.g. Flores et al., 2000; Fedeli et al., 2006,
2007; Meneghetti et al., 2010; Fedeli et al., 2010)
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e probability of a source producing multiple images, at least one of which have a magnifica-
tion above a threshold ranging from 5 to 25 (Wambsganss et al., 2004)

e probability of a source producing multiple images with separations above a threshold
ranging from 10 to 30 arcseconds (Hennawi et al., 2007a)

e the Einstein radius above a threshold of up to 40 arcseconds (Oguri & Blandford, 2009)

Note that the cross sections defined in the image plane and those defined in the source plane are
fundamentally different. The former are proportional to the probability of observing images with
particular properties, and the latter are proportional to the probability of observing single-source
systems with a particular property.

Most of the aforementioned strong lensing characterizations are aimed at comparisons with
observations of strongly lensed galaxies, which are extended sources and will have highly dis-
torted images, in addition to large magnifications. Measurements of the cross section for the
production of giant arcs are complicated by the intrinsic ellipticities of the source galaxies. The
present work quantifies strong lensing by the cross section for sources to produce multiple im-
ages, and as such is also able to provide an insight into the statistics of cluster-lensed quasars,
which are point sources and whose images are not distorted. This is achieved by modelling
the source caustic; the area of the caustic is directly proportional to the probability that an
infinitesimal source at that redshift will be multiply imaged. Note that the cross-sections would
be reduced for finite source sizes since a source that overlaps with the caustic will form merging,
unresolved images; cross sections for multiply-imaged galaxies must include a range of source
sizes. Ultimately, multiple imaging predictions formulated for comparison with a specific survey
strategy must also take into account source colours, the point spread function (PSF) of the
detector/s and filter sensitivity, however, this is outside the scope of this thesis. Since a large
number of projection directions are to be studied, special consideration is given to formulating
a computationally efficient algorithm for measuring the cross section for multiple imaging of an
infinitesimal source, which is hereafter denoted oyqg.

3.2.1 Source Redshift

Strong lensing efficiency is a steep function of source redshift (Wambsganss et al., 2004; Dalal
et al., 2004), as the critical density for lensing (see Eqn. 1.20) has a strong dependence on this
value, so although the focus here is on the assumptions placed on the cluster lens, a careful
choice of source redshift is essential. The results here are presented for source redshifts of z; = 1
and/or z; = 2, a choice which is motivated by the range of known strongly lensed sources (e.g.
Gilmore & Natarajan, 2009; Bayliss et al., 2011). The angular diameter distance to a source
at redshift z; = 1 is Ds ~ 1180 Mpc/h, while for z; = 2 it is Dg ~ 1240 Mpc/h. Given a lens
redshift of zz, &~ 0.3, the lens-source angular diameter distances are Dgs =~ 760 Mpc/h for z; = 1
and Dgs ~ 960 Mpc/h for z; = 2.

3.2.2 Drawing the Critical Curve

A large number of orientations are to be analyzed for each given cluster in the sample; the
source caustic must be determined for each orientation of each cluster. To achieve this, the
critical curve (or the caustic in the image plane) must be determined first, then mapped to the
source plane (see Sec. 3.2.4). The caustic is primarily dependent on mass in the projected core of
the cluster. Therefore, for a given cluster and orientation, the simulation particles belonging to
the lens are projected onto one of two planes perpendicular to the line of sight, and distributed
on a grid using a Cloud-in-Cell algorithm. One of these planes is a low resolution 512 x 512
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mesh plane with a co-moving length to 2(.,:. It contains mass projected at sufficient projected
distance from the core such that it plays a minor role in shearing a source behind the cluster
centre. The other plane, containing the mass projected near the centre, has a higher spatial
resolution (approximately 0.27-0.3” for the clusters studied in this work). This 512 x 512 mesh
‘core’ plane is also used to model the critical curve, so it must be large enough to encompass
the critical curve. The size of the critical curve will generally scale with the (square root of the)
projected mass within the core region of the cluster, but the projected mass will vary for each
orientation; for computational efficiency, a choice of grid-size dependent on some cluster property,
but reasonable for all orientations is preferred. Since the projected mass will be dominated by
the unprojected mass within the cluster core, a rough (over)estimate for the radius of the critical
curve, 6., is made by the Einstein radius for a Schwarzschild lens (see Eqn. B.3) with the same
mass as that contained within a fixed fraction of the virial radius; after some trial and error,
this fraction is chosen to be one fifth:

. \/ Dgs AGM (< 0.2ryy) 51)

Dst 02 '

The size of both planes are therefore different for each cluster and dependent on source redshift
via the angular diameter distances. In addition, the particles attributed to each grid are only
chosen if their projected positions, 6, lie well within the grid scale in order to ensure that no
mass bleeds out during smoothing (see Sec. 3.2.3). For example, a particle will be placed on
the core plane only if it satisfies 8, < 0.850... Otherwise, it may be eligible for inclusion in the
low-resolution plane. Convergence tests showed that doubling the resolution for either plane did
not significantly alter the results.

The convergence, k(0), is mapped across the plane by scaling the mass in the grid according
to Eqn. 1.19. The shear, v(0), is mapped across each of the planes using Fourier techniques,
following Wambsganss (1990). Firstly the two shear components are evaluated by convolving the
convergence field with the appropriate kernel (see Eqns. 3.2 and 3.3). Then they are combined
according to Eqn. 3.4, which follows from Eqn. 1.21.

_ AV _0'\2
no =1 [~ Té)i;ﬁ? L oo (3:2)
O R L (3.3

1(0) = \/77(8) +13(0) (3-4)

The shear in the ‘core’ plane, at this stage, only includes the effect of central mass. In the
central region of the large-scale low resolution plane, there is some minor shearing as a result of
cluster triaxiality, substructure and external structure. This is added to the shear determined
in the ‘core’ plane via bilinear interpolation. The determinant of the lens mapping Jacobian can
then be mapped within the ‘core’ plane via Equation 1.24. The critical curve is defined as the
locus of points at which the determinant of the Jacobian vanishes, such that the magnification
diverges (see Section 1.4.1).

3.2.3 Smoothing

The projected mass distribution is smoothed with a Gaussian filter to reduce the effects of
shot noise that result from discretizing the underlying mass distribution. Regions of differ-
ent densities have different smoothing requirements, so three distinct regions are identified for
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density-dependent smoothing: the cluster centre, the outer core and the outer cluster + exter-
nal structure. The latter corresponds to mass that has been projected onto the low-resolution
lens-plane (see Sec. 3.2.2) and is always smoothed with a Gaussian filter of size o., for any
given projection. The mass projected onto the high-resolution core is distributed onto one of
two grids, each with the same resolution as the parent grid. One grid contains the mass that
is projected to a cluster-centric radial distance of 6/6.. < 0.25, and is smoothed with Gaussian
filter of size 0;npner. The rest of the mass is place on the other grid and smoothed with Gaussian
filter of oouter. Each grid is zero-padded before smoothing (since the mass distribution is not
periodic) then the smoothed density fields added together again.

The smoothing length, op, for a given region (denoted by the subscript R) is empirically
chosen by applying a linear relationship with the mean projected interparticle spacing averaged
over that region, Ag:

or = 0.3AR, (3.5)
where the interparticle spacing is given by

VAR

Ap = .
Ny?

(3.6)

Here Ag denotes the surface area of the region and Ng denotes the number of simulation particles
that would be projected onto that region. Further discussion on the ratio of smoothing length
to the mean projected interparticle spacing is presented in Sec. 3.6.2. Note that the filters used
are each truncated so that they are circular and do not involve computations that result in
underflows; however, they are still normalised.

3.2.4 The Cross Section for Multiple Imaging

The multiple imaging cross section is defined as the area of the region bounded by the source
caustic (see Figure 3.1). The critical curve must therefore be mapped to the source plane. The
lens mapping, given in Eqn. 1.29, is determined by the deflection angle across the lens plane.
Thus, the deflection angle vector is mapped across the lens plane by convolving the surface
density with an appropriate kernel given in Eqn. 1.28. Then the grid containing the critical
curve is scanned horizontally and vertically; when a point on the critical curve is encountered, it
is mapped to the 512 x 512 mesh source plane, thus allowing one to ‘draw’ the caustic. Difficulties
may arise as the number of points on the critical curve can be fewer than the number of points
required to form a closed boundary at the source, particularly when mapping the radial caustic.
This ‘closed boundary requirement’ is necessary for the measurement of the cross-section. In
addition, the source plane has an angular size of ~ 2/3 of the lens plane so that the maximum
possible detail may be recovered, while still ensuring that the caustic is entirely contained; this
aggravates the problem at hand. So immediately after each critical point in the lens-plane
has been mapped, a check is made against the four neighbouring cells that have already been
scanned (out of a total eight neighbouring cells). Any of the four neighbouring cells that also
lie on the critical curve are identified. If their corresponding caustic points are separated from
the most recently mapped caustic point by more than a pixel, these are linearly interpolated
to produce extra caustic points, thereby closing any gaps. In addition, the source caustic is
smoothed by a 2 x 2-pixel top-hat filter to thicken each line. Each cell in the source-grid that
forms this caustic is ‘tagged’ as such. The bounded area is then measured by applying the
following computationally efficient algorithm.

1. Begin at any corner of the grid.
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Figure 3.1: An example of a source caustic (left) and the black region identified as the ‘multiple-
imaging area’ used to calculate the multiple imaging cross section (right). The z=2 source planes
are ~ 49”7 across and have a pixel resolution of ~ 0.1”7. This caustic has a cross-sectional area

of oyr &~ 46 arcsecs?.

2. Identify the four neighbour cells that share an edge with the current cell.

3. Check each of these neighouring cells to see if they have been ‘tagged’ as either lying on
the caustic boundary, or as having been checked already. If not, then tag them as being
outside the multiple-imaging region, tag them as having been checked and add them to a
‘check-neighbour-list’.

4. Go to the next cell on the ‘check-neighbour-list’, making that the current cell. Then repeat
steps 2 and 3. When there are no more cells left on the list, subtract the number of cells
tagged as lying outside the multiple-imaging region from the total number of cells in the
source-grid. The result is proportional to the required cross-section.

Note that this algorithm makes the assumption that the caustic does not touch the edges of
the source grid, i.e. it is fully encompassed by the source plane. Also all cells that lie on the
boundary are not included within the multiple imaging region.

3.3 Characterizing Cluster Properties

Some of the present study is an investigation into efficacy of cluster properties on the probability
distribution of opr. The practical definitions of these properties are described below.

3.3.1 Mass

Each of the haloes identified by AHF has a virial mass fitted using spherical overdensities rel-
ative to background density. Since one does not know the triaxiality of the halo in advance,
halo finding routines use spherical shells to determine the radius which encloses the required
overdensity. Although a triaxial halo should be fitted with equally triaxial overdensities, for a
rough categorizing of clusters by their masses a spherical fit is sufficient.
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3.3.2 Concentration (a.k.a. Peakiness)

The concentration parameter has been introduced in the context of the popular NFW profile
(see Sec. 1.3.3); this property is defined with respect to a choice of overdensity and scale. An
alternative is to define a parameter ¢y = ry;/r(fMyir) which is the ratio of the virial radius
and the radius that contains a specified fraction, f, of the virial mass (Colin et al., 2000; Knebe
et al., 2002; Power & Knebe, 2006). This is often useful when the clusters are not easily fit to an
NFW profile. In the present work, for computational efficiency, a rough estimate of ‘peakiness’
for a given halo is determined by taking the ratio of the virial mass to the mass enclosed within
a fixed fraction of the virial radius. Our ‘concentration parameter’ is therefore defined as

M(< frm'r)

cp = M (3.7)

In this work, I adopt f =1/5.

3.3.3 Triaxiality

Triaxiality is intuitively a measure of the extent to which a smooth axisymmetric profile deviates
from spherical symmetry. The triaxial shape is defined via the axis ratios ¢ and s (see Sec. 1.3.4),
however, several authors have introduced a single parameter to describe an intrinsically two-
parameter effect in a suitable manner. For example, one may compare the longest and shortest
axis as a measure of asphericity:

11

ol

(3.8)
On the other hand, one may also characterise the shape with the parameter

a? - 1-¢°
Tz:cﬂfc?_lfs?’ (3.9)

so that T = 1 represents a maximally prolate shape and a halo for which 75 = 0 is maximally
oblate (Franx et al., 1991; Warren et al., 1992; Knebe et al., 2002). In addition, Maccio et al.
(2007) adopt

_b+ec

1
T = (g+ N

which can distinguish between spherical and prolate haloes. The AHF catalogues include the axis
ratios ¢ and s from which any of these parameters may be constructed.

3.4 Preliminary Study: An Individual Halo

Here I present a detailed study of a single cluster-mass halo. The cluster studied here is
taken from a cosmological simulation carried out with the parallel Tree-PM SPH code GADGET2
(Springel, 2005). I adopt a ACDM cosmology, with the following values for the cosmological
parameters: (o = 0.27, Qp0 = 0.73, h=0.71, oy = 0.9; the density normalization is higher
than the current standard, but is the same as that adopted by Dalal et al. (2004) so this allows
for consistent comparison. The 2563-particle simulation had a box-size of Lo = 100 Mpc/h
giving it a mass resolution of m, = 4.5 x 104~ ' M. The simulation was started at an initial
redshift of z; = 39 until the present epoch, but the cluster is the most massive halo identified
by AHF from the z = 0.3 snapshot. The softening length applied began at €., = 16 kpc/h,
capped at €pnys = 5 kpc/h. This cluster halo has a mass of M ~ 8.5 x 10"h~1 M, containing
~ 190, 000 particles, making it one of the most massive haloes one may expect to find in such
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Figure 3.2: A simulated cluster at z = 0.3
and all mass contained within one virial ra-
dius of its centre. The mass is projected
such that the triaxial major axis of the clus-
ter is aligned vertically. See Sec. 3.4 for de-
tails.

simulations. It has a virial radius of 2 Mpc/h measured with an overdensity of 200 relative to
the mean matter density !. It is quite a prolate cluster (¢ = b/a = 0.7; s = c¢/a = 0.5).

The lensing features were analysed after the lens was projected along 200 random lines of
sight. I address the choice of number of projections in Sec. 3.6.1. Mass projected outside the ‘core
region’ was smoothed with a Gaussian filter of size 0.y = 6 kpc/h. Figure 3.3 presents examples
of the critical curves and caustics produced by this z=0.3 cluster lens for a source redshift of z=2,
in order of decreasing strong lensing cross section. The same lens can produce vastly different
caustic structure when viewed from different angles. The largest multiple imaging cross sections
are generally the result of a large radial caustic compared to the tangential caustic. A large
range of cross-sections for multiple imaging are produced with different orientations, with values
ranging from < 10 arcsecs? to > 140 arcsecs®. The total mass projected into the core (in the
vicinity of, but not necessarily within, the critical curve) ranges from 10 to 20% of the total virial
mass of the cluster. Previous studies found variations in cross-sections albeit those associated
with the formation of giant arcs; Dalal et al. (2004) found values ranging from 0 to over 1500
(kpc/h)? in the source plane, which corresponds to 0 — 45 arcsecs? at a source redshift of z; = 1.
The cross section is fairly small (oyg < 40 arcsecs?) when the line of sight makes a large angle
(0 > 50°) with the triaxial major axis as seen in Figure 3.4. Conversely, if the lens is viewed
along this axis (6 < 40°), the cross section can become quite large (o > 70 arcsecs?), a result
that is consistent with the findings of Meneghetti et al. (2010) in that strong lensing clusters
are preferentially aligned with the major axis. Figure 3.4 exhibits much scatter at small angles;
this may indicate that the role of substructure and/or external structure is non-negligible.

The cross section probability distribution, shown in Figure 3.5, is highly skewed towards
large cross sections, as a result of these special orientations. The mass distribution in the cluster
can be interpreted as a smooth cluster-scale halo, with galaxy-scale haloes embedded within
their host. The triaxiality of the cluster-scale halo alone could be expected to provide the
orientation bias that leads to the skewed distribution, but if the member galaxies of the cluster
lie preferentially along the line of sight, then they may also have a similar effect. Indeed, Dalal
et al. (2004) warned about the effects of shot-noise, particularly with regards to the projection
of substructure.

!The AHF group-finding algorithm uses a overdensity, Ay, relative to the mean matter density rather than the
critical density. The virial radius is therefore given by: 73;,. = 3Myir [[AT A MM, 00c,0(1 + zL)s].
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Figure 3.3: Various image and source caustic structures produced by the same large 8 x 1014 M,
mass halo. On the left are the critical curves at z=0.3, each drawn on lens planes ~ 105” across.
On the right are the corresponding source caustics at z=2, each drawn on source planes ~ 49”
across. The orientation angles are, from top to bottom, 19°, 31° and 67° relative to the triaxial
major axis. The resulting cross sections for multiple imaging are (top to bottom, in arcsecs?)
146, 32, and 11.
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Figure 3.4: The cross section for multiple imaging, o, as a function of viewing angle, 6. 0 is
measured relative to the triaxial major axis. A total of 200 orientations are sampled and the
source plane is at redshift z = 2.
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Figure 3.5: The probability distribution function for the cross section for multiple imaging, o,
for a 8 x 10 M, mass halo. A total of 200 orientations are sampled.
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Virial Mass Peakiness s=c/a g="b/a
(10MMo) (Mpc/h)

12 0.13 0.75 0.79
12 0.13 0.61 0.72
11 0.16 0.62 0.88
11 0.11 0.68 0.88
9.6 0.16 0.69 0.77
9.6 0.19 0.64 0.76
9.2 0.14 0.59 0.78

Table 3.1: Properties of the seven simulated clusters presented in Sec. 3.5, listed in decreasing
order of mass.

3.5 Associated Mass Outside the Virial Radius

While analytical models of cluster lenses have a finite extent, real lenses include the effect of
all mass along the line of sight. In this section, I present the results of an analysis of the
dependence of the onfPDF on the inclusion or exclusion of external filamentary structure,
for a range of source redshifts. This study uses massive haloes identified in a set of N-body
simulations, with moderate box-size. The cosmological simulations each follow 2562 particles
of mass m, = 8 x 1019M, in a cubic region of co-moving side Lyox = 256 Mpc/h (assuming
periodic boundary conditions) from an initial redshift of z; = 39 until the present epoch using
the parallel Tree-PM code GADGET2 (Springel, 2005). The force softening length was chosen to
begin at 50 kpc/h co-moving, but was capped at €,5,s = 20 kpc/h. I adopt a ACDM cosmology,
with the following values for the cosmological parameters: 2y o = 0.27, Q9 = 0.73, h=0.71,
og = 0.9; these are the same values as those adopted by Puchwein & Hilbert (2009). The clusters
are taken from the z = 0.3 snapshots.

The minimum number of particles required for a reasonable resolution of the halo core is 10*
(see Sec. 3.1.1), corresponding to a halo mass of M > 8 x 101* M. However, the peak and spread
in the cross-section distribution, based on a handful of orientations in one of the simulations,
was found to be a steep function of cluster mass within the range 8 x 104 < M /Mg, < 9.5 x 104,
so only clusters with masses above M /Mg > 9 x 10'* were considered in this study. Of the
four simulations run for this purpose, one contained four haloes, another contained three haloes
and two contained none above this mass cutoff. The most massive cluster halo had a mass of
M /Mg = 2 x 10'°. Details of their properties are listed in Table 3.1. Note that these clusters
like that studied in Sec. 3.4 have virial mass and radii determined using a virial overdensity
defined relative to the mean matter density.

Figure 3.6 shows a single projection of each of the seven cluster-haloes. The projection
directions were chosen such that the triaxial major axis would be aligned vertically, but the
rotational angle was chosen at random. The figures show all mass within five virial radii of the
cluster centres. The projected mass distribution seen is consistent with the findings of previous
works: that this external mass is preferentially aligned with the major axis (see Sec. 3.1.1).

For each of the total of seven haloes included in the study, 150 orientations are analysed to
produce their respective op1PDFs. In all orientations of all clusters, the mass projected outside
the ‘core region’ of each cluster was smoothed with a Gaussian filter of size o.x = 10 kpc/h.
The analysis is repeated for source redshifts zs = 1.0 and z5 = 2.0 and for (., = 2 Mpc/h and
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Figure 3.7: The cumulative probability distribution function for the cross section for multiple
imaging (op) averaging the results for seven haloes with masses 9 x 104 < M/Mg < 2 x 101°.
The source plane is at redshift z = 1. 150 lines of sight were sampled for each halo. The
error-bars represent a 1o spread across all haloes.

Ceut = 10 Mpc/h. The virial radii are approximately 2 Mpc/h for each cluster, so this allows a
comparison of lens masses that do or do not include mass outside the virial radii. The opPDFs
for all seven haloes are stacked and presented in Figures. 3.7 and 3.8.

The oniPDFs are not affected by the inclusion of mass outside the virial radius. Even the
filamentary structures, which are supposedly preferentially aligned with the major axes of these
clusters do not have any significant effect on the opiPDFs. One would expect that the small
cross sections, which generally arise from lines of sight misaligned with the major axis, would
not be affected by the presence of such filaments. However, the lines of sight that are aligned
with the major axis lead to large cross sections that could be further enhanced by the elongated
structures, as they would be projected onto the lens plane, but surprisingly, no such effect is seen.
At lower source redshifts (see Figure 3.7), the inclusion of external mass appears to reduce the
probability of large strong lensing cross sections (o > 80 arcsecs?). This indicates that these
strong lensing cases are so rare that the PDF suffers from small number statistics. Wambsganss
et al. (2005) and Hilbert et al. (2007) have previously found that for a fraction of images that
exhibit strong lensing characteristics, a single lens-plane (one of the planes from their multiple
lens-plane method) was not sufficient to explain the strong lensing effect. Both studies found a
strong redshift dependence; the requirement for a second lens plane to account for the strong
lensing grew stronger with increasing source redshift. At a source redshift of z; = 1 — 2, the
fraction of affected images was 10 — 20% depending on the strong lensing criterion. Their lens
plane thicknesses were on the order of 100 Mpc/h, so the relevant secondary lensing mass was
unassociated with the primary lens. Puchwein & Hilbert (2009) studied the formation of giant
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Figure 3.8: The cumulative probability distribution function for the cross section for multiple
imaging (oyp1) averaging the results for seven haloes with masses 9 x 1014 < M /M < 2 x 105,
The source plane is at redshift z = 2. 150 lines of sight were sampled for each halo. The
error-bars represent a 1o spread across all haloes.

arcs by eight cluster lenses in a similar mass range and redshift to those studied here. They
found that the mass along the line of sight, more than 4 co-moving Mpc/h from the cluster, had
no effect on the strong-lensing cross-sections across a wide range of source redshifts (1 < z < 6).
Indeed, uncorrelated structure that lie along the line of sight were more likely to increase the
strong lensing cross section than any correlated structure. In the present study, I include, at
most, mass up to ~ 10 Mpc/h away, as this is more likely to be aligned with the cluster major
axis. Puchwein & Hilbert (2009) also study lower mass clusters and find that they are more
affected by line-of-sight structures; comparison to other mass ranges is outside the scope of this
thesis. My findings, regarding multiple imaging, are consistent with those of Wambsganss et al.
(2005), Hilbert et al. (2007) and Puchwein & Hilbert (2009), which are concerned with the
formation of giant arcs. This is not unexpected, since both methods of characterising strong
lensing are dependent on the size of the source caustic; however, multiple imaging is dependent
on the area of the caustic, while the formation of giant arcs require a large perimeter for the
tangential caustic (the radial caustic produces less distinguishable images). More elliptical lenses
would lead to more elliptical caustics, and a closer equivalence the two measures, and vice versa.
Ho & White (2005) noticed a strong orientation dependence on the giant arc cross section for one
of their simulated clusters; while they attribute the strong lensing efficiency to a combination
of neighbouring structure (apparently galaxy-scale) and filaments, my results suggest that the
shape of the virialized mass is the dominant factor in determining the efficient orientations.

A related, but somewhat separate question is whether the orientation dependence is enhanced
by mass associated with the lens, but outside the virial radius. To answer this question, the same
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Figure 3.9: The cross section for multiple imaging (omr) as a function of viewing angle, 6. 6
is measured relative to the triaxial major axis. FEach of the seven haloes are sampled with 200
orientations, and the results are combined here. Individual lines of sight are plotted as points
while the mean cross-section of lines of sight uniformly binned by orientation are plotted as the
larger squares, with 1o error-bars. The lensing mass includes all mass within one virial radius
(red) and 10 virial radii (blue) of the cluster centres. The source plane is at redshift z = 2.

seven clusters are analyzed again, with 200 orientations for each and all 1400 orientations and
the resulting cross sections are presented as individual points in Figure 3.9. The orientations
are also combined in bins of 10° in , the angle relative to the triaxial major axis. A clear
orientation dependence is seen: lines of sight that are more aligned with the major axis lead
to larger cross sections for multiple imaging. However, when we compare the results for lenses
which include only the virial mass and lenses where mass out to 10 virial radii (20 Mpc/h) have
also been projected, the orientation dependence is not enhanced.

3.6 Numerical Parameters

3.6.1 Number of Projections Analysed

The skewness in the opPDF makes it clear that a large number of projections are required to
provide a full understanding of the range of strong lensing cross sections that can be produced
by the same cluster. Throughout this work 150-200 orientations have been used to produce the
relevant cumulative or differential probability distribution function. In this section, I confirm
that this sample size is sufficient. The analysis of the simulated cluster discussed in Sec. 3.4 was
repeated with three independent tests using 50 orientations each, three independent tests using
200 orientations, and one test using 450 orientations. The resulting cumulative distributions,
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Figure 3.10: The cumulative probability distribution function for the cross section for multiple
imaging (opyg). The results of analysing a single simulated cluster are shown for independent
tests of 50 orientations (red), 200 orientations (blue) and 450 orientations (black). The source
plane is at redshift z = 2. The error-bars represent a 1o spread across each of the tests.

shown in Figure 3.10 show that 50 orientations will not sufficiently sample the rare orientations
that results in large cross sections (o > 60 arcsecQ). In fact, the small error bars for 80 < oy <
90 reflect that fact that out of each 50-orientation sample, no orientations led to 80 < oy < 90
and only one orientation resulted in a cross section of 90 < onp. However, 450 orientations
provide only a minor change in the measured distribution compared to 200 orientations. Note
that each point is not independent since these are cumulative distributions.

3.6.2 Smoothing Length

As described in Sec. 3.2.3, the projected lensing mass distribution is smoothed with a Gaussian
filter in order to reduce the effects of shot-noise. Different regions are smoothed over different
scales, but the smoothing length for a given region is chosen according to a criterion based on
particle surface density in that region; the size of the filter, o, is fixed to a fraction of the mean
projected inter-particle separation, A. The choice of the ratio o/ has the potential to affect
the measure multiple imaging cross section. In an extreme case, if the smoothing length were
to exceed the mean inter-particle separation, the simulated small-scale structure would be lost.
Therefore, a range of choices for this ratio, all less than unity, was applied to the analysis of
the simulated cluster that was presented in Sec. 3.4; the resulting cumulative distributions of
owmi are presented in Figure 3.11. Smaller smoothing lengths produce grainy caustics and o is
overestimated. As the smoothing length is increased to o /A > 0.3, the cumulative distribution
converges at smaller cross sections (o < 40 arcsrec?), but the behaviour at larger cross sections
is erratic. What is unclear is whether larger smoothing lengths are more appropriate or if
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Figure 3.11: The cumulative probability distribution function for the cross section for multiple
imaging (o). The results of analysing 200 orientations of a single simulated cluster are shown
for various smoothing lengths: o/A = 0.2 (pink), o/\ = 0.3 (red), o/A = 0.35 (blue) and
o/A = 0.4 (black). The source plane is at redshift z = 2.

realistically simulated small-scale structure is being washed out, producing unphysical profiles.
I conclude that smoothing length must at least exceed o /A > 0.2.

3.7 Summary

The large mass simulated haloes I have studied have revealed a number of important results
regarding their ability to gravitationally lens a background source into multiple images. Firstly,
the orientation dependence observed in previous works has been confirmed: the closer the line
of sight is aligned with the triaxial major axis, the more likely a source will be multiply-imaged.
Thus, samples of clusters chosen for the existence of multiple-imaging systems will be biased
towards stronger line-of-sight alignments. Secondly, this orientation dependence is not enhanced
by the projection of mass up to 10 virial radii or 20 Mpc/h from cluster centres. This is despite
the mass being preferentially aligned to the triaxial major axis. Neither is the probability
distribution for the cross section for multiple imaging affected by the projection of mass out to
10 Mpc/h. This is the most surprising result and implies that analytic models that describe the
mass distribution of the primary lens will be sufficient for accurate predictions regarding the
frequency of multiple imaging.
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Chapter 4

Weak Lensing via Ray Tracing

Bloody hindsight, thought Archie. It’s always 20/20.
— Archibald Jones, White Teeth, Zadie Smith

The distance-redshift relation, a fundamental property used to constrain cosmological pa-
rameters, suffers from scatter as a result of gravitational lensing, although the effect on the
constraints remain unclear (e.g. Holz & Linder, 2005; Jonsson et al., 2006; Okamura & Futa-
mase, 2009). Individual high-redshift sources, such as SNe, gamma ray bursts (GRBs) and
merging supermassive black holes (MSBs), suffer from lensing-induced errors in distance and/or
luminosity estimates (Babul & Lee, 1991). This was expected from the early work of Gunn
(1967) who studied light propagation through an inhomogeneous universe and found that the
mean brightness remained unchanged for extended sources, but the effect was worse for smaller
and higher-redshift sources. Efforts are now underway to provide an appropriate method of
correcting the observed brightnesses for magnification (e.g. Gunnarsson et al., 2006; Jonsson
et al., 2009; Hilbert et al., 2010)

In addition, as described in Sec. 1.4.3, the probability distribution for magnification by grav-
itational lensing is required to make correction to predicted source counts for large surveys of
high-redshift sources. Furthermore, time-delay studies that aim to constrain the Hubble Con-
stant use the probability distribution for convergence to understand the errors on the measured
Hj due to the unknown external mass sheet (Suyu et al., 2010).

Studies of the statistical properties of large-scale weak lensing have predominantly made
use of the multiple lens-plane algorithm (see Sec. 4.1.4), and while they regularly perform con-
vergence tests, none have made a direct comparison to the approach that integrates the null
geodesic. In this chapter, we aim to fill this gap, so that the full effect of large-scale projected
masses may be determined.

4.1 Standard Ray Tracing Procedures

The propagation of light through an inhomogeneous universe results in the distortion of the
cross-section of the beam. Although the Universe has significant small-scale inhomogeneities,
the FLRW metric (Eqn. 1.1) is generally adopted to describe the average lensing effect, mostly
due to a lack of reasonable alternatives. A simple integration of the optical scalar equations (see
Sec. 4.1.1) would be possible in the case of a known metric, but that is the crux of the problem
- the local metric for an inhomogeneous universe has no general (analytic) solution. Crude
model universes incorporate inhomogeneities and describe their effects on light propagation
(e.g. Dyer & Roeder, 1972; Linder, 1988; Futamase & Sasaki, 1989). An approach that can truly
account for non-linear structure formation involves two major steps: a) modelling the mass
distribution between observer and source and b) tracing the path a photon backwards from
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the observer to the source and thus determining how the source was lensed. Numerous weak
lensing studies have involved the application of ray tracing techniques to mass distributions
modelled by N-body simulations (e.g. Jaroszynski et al., 1990; Wambsganss et al., 1998). Large
slices of matter are projected onto single planes to form cosmological-scale lenses which allow
computationally efficient calculations. Yet the cosmological scale mass distribution contains not
only compact haloes, but filamentary structures as well which run the risk of being projected
and overestimating the resulting magnification. What has been missing thus far is a one-to-one
comparison of results that take a multiple-lens approach and a direct numerical integration of
the null geodesic. In this chapter, I describe the results of this comparison, particularly with
regards to the magnification probability distribution, which is expected to affect future surveys
of standard candles.

4.1.1 The Optical Scalar Equations

An infinitesimal beam, which may be seen as a congruence of light rays that propagate together,
has a cross-sectional size and shape that is observer-independent. The beam is anchored by the
central ray, which has the photon four-momentum k£¢. One can define a complex null unit vector
e®, which is orthogonal to both the observer’s world line and the direction of propagation such
that they satisfy

k%o = k%eq = e%eq =0 ey, = 1. (4.1)

The optical scalars 8 and o represent the expansion and shear of the beam respectively. The non-
linearly coupled optical scalar equations describe light propagation in general, curved spacetimes
(Sachs, 1961):

. 1
046+ |of” = _§Raﬂkakﬁ (4.2)

and
. 1 *a 1,0 %Y 1.0
o+ 200 = _iRaﬁvée ke Tk, (4.3)

where an overdot denotes differentiation with respect to the affine parameter, A\, and * denotes
the complex conjugate. Here, R, is the Ricci tensor and R,g,s is the Riemann curvature
tensor. Due to the orthogonality given in Eqns. 4.1, it is the Weyl tensor component of the
cruvature tensor that drives the evolution of the shear term, while the Ricci curvature term
drives the evolution of convergence. By integrating these transport equations, it is possible to
calculate the effect of each term on the cross section the beam.

4.1.2 The Dyer-Roeder Equation

When an infinitesimal beam manages to traverse the large-scale structure without encountering
any large perturbations, and is not affected by shear, the evolution of cross-section is described
by the (generalised) Dyer-Roeder equation (Dyer & Roeder, 1972, 1973, 1974):

(1+z)(QMz+1)d2D (7 Y >dD 3

E + 5QMz + = +3 e + §&QMD =0, (4.4)
where 0 < & < 1 is the mass fraction of the universe that is smoothly distributed. Thus, & =0
corresponds to a light beam that contains no matter, while & = 1 corresponds to a perfectly
homogeneous universe. D(z) is the angular diameter distance to redshift z in units of the Hubble
distance ¢/Hy. The angular diameter distance to a given redshift will strictly depend on the
direction of observation, as each line of sight encounters a slightly different manifestation of
the inhomogeneity. For a fixed matter density, the value of D(z) found by solving the above
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differential equation for & = 0, hereafter denoted D(a = 0; z), defines the maximal value. Seitz
et al. (1994) applied the optical scalar equations to an infinitesimal beam transported through a
generalized inhomogeneous universe that is FLRW ‘on average’ to re-derive the maximal angular
diameter distance.

4.1.3 The Born Approximation

The Born approximation is often employed in weak lensing analysis; here the gravitational
potential along the actual geodesic is replaced with the potential found along the unperturbed
path. The convergence, k, is taken to be the integral along the radial path from the observer
in the direction of the image; an effective surface gravitational potential is implied since the
3-dimensional mass distribution is projected along the line of sight.

w(x) = /0 WO (4.5)

where 4 is the ‘relative perturbation in matter density’ and

W(x) = S OuHg(0)(1 + 2) (1.6)
is a weight function and
) [ avn( X =X
9(x) = (x)/x dx'n(x’) 00 (4.7)

where n(x) is the normalised radial distribution of source galaxies. Multiple deflections are de-
coupled from one another, since the result of one lensing event has no bearing on the position of
the light ray if and when it encounters another lens. A lens-lens coupling term is sometimes im-
plemented. Lee & Paczynski (1990) concluded that the magnification of a single-image sources
were dominated by the matter within a straight light beam, implying that the Born approxi-
mation is sufficient. Similarly Vale & White (2003) find that measures of statistical properties
using the Born approximation are in good agreement with semianalytic predictions. Over larger
and larger distances, the Born approximation becomes less and less accurate; several studies
have found the requirement for corrections in the construction of the shear power spectrum and
higher order bispectrum (e.g. Van Waerbeke et al., 2001; Shapiro & Cooray, 2006).

4.1.4 Multiple Lens Planes and the Thin Lens Approximation

The majority of numerical weak lensing studies adopt the multiple lens-plane approach. The
multiple lens-plane method requires the entire lens mass distribution to be divided up into
contiguous boxes, usually of equal co-moving depth; each box is then projected onto a plane
perpendicular to the line-of-sight and usually at the centre of the box. In backward ray-tracing
methods, light rays are propagated (backward) from the observer to the source with deflections
only occurring in successive lens planes. The deflection at a given plane is the result of matter
within that plane only. The formalism for the resulting deflection has been written down in
the multiple lens-plane equation, having been derived and developed by Blandford & Narayan
(1986), Schneider & Weiss (1988) and Jaroszynski et al. (1990). It is reproduced here as the
expression for the source position after deflection by IV lens-planes:

D N
) 151 - ;Disai(s'i)a (4.8)

[
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where 7 is as in Eqn. 1.29 and &; is the position of the ray in the i*" lens-plane, therefore &;
is the position of the image. D,s, D, and D;s; are the angular diameter distances from the
observer to the source, from the observer to the first lens-plane, and from the i lens to the
source respectively. The most accurate and/or efficient way to measure the deflection angle for
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Figure 4.1: Diagram of the gravitational lensing effect for multiple lens-planes. The light ray
propagates from the source S to the observer O, via a series of lens-planes (two shown here)
where it is deflected by an angle &; at the i plane. The angular diameter distances are defined
in the text. Taken from Premadi et al. (1998).

a light ray at each lens-plane is open to interpretation. A brute-force approach would be to sum
up the effect of each point mass in the lens plane, perhaps out to a limiting impact parameter, as
done in Fluke et al. (1999). Hierarchical tree-codes group together distant lenses into cells, with
the number in each group increasing with distance from the light ray (see Section 2.1 for more
details); the brute-force approach is applied to the nearest lenses only. Compared to the pure
brute-force approach, there is a large speed-up with minimal loss of accuracy. Two-dimensional
tree-codes were developed by Wambsganss (1990, 1999) and have been implemented by the
methods presented in Wambsganss et al. (1998). Fourier methods require the mass distribution
to be assigned to a grid after which the calculation of the gravitational field or deflection angle
is done in Fourier space, usually by way of a fast Fourier transform (FFT); this alternative is
also in wide use (Premadi et al., 1998; Jain et al., 2000) and is the approach employed in the
present work although in three dimensions.

4.1.5 Backward Ray Shooting

In the majority of raytracing algorithms that take the multiple lens plane approach, light rays
are propagated backwards from the observer in a tightly packed grid until they reach the source
plane. Upon reaching the source redshift, they are ‘collected’ within a source grid. The number
of rays that land in a source pixel is proportional to the magnification for that pixel position;
therefore, the spatial resolution of the magnification map is limited by the size of the source grid.
Errors are introduced by the finite size of the initial grid of rays and the finite number of rays
that are traced. This method was introduced by Kayser et al. (1986) for microlensing studies
and indeed microlensing studies have inspired the development of this approach (Schneider &
Weiss, 1988). However, it was the work of Wambsganss (1990) upon which most theoretical
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ray-tracing techniques have been based; the application of tree-methods to measure the deflec-
tion angle at each lens-plane have allowed efficient algorithms. Early ray-shooting algorithms
were applied to a random distribution of point masses, which therefore did not incorporate the
intricacies of clustering properties within various cosmological models (Schneider & Weiss, 1988;
Paczynski & Wambsganss, 1989; Lee & Paczynski, 1990). Later studies coupled the multiple
lens-plane approach with mass distributions taken from N-body simulations to study the effect
and magnitude of gravitational lensing (Jaroszynski et al., 1990). Premadi et al. (1998) devel-
oped a similar algorithm but their model of the mass distribution includes both the “background
matter” modelled by N-body simulations along with galaxies placed within the overdensities us-
ing semi-analytic methods and modelled as nonsingular isothermal spheres. Many more studies
that employ ray-tracing methods have since been used to make shear maps (Jain et al., 2000)
and weak lensing maps of the CMB (Carbone et al., 2008). More specifically, many studies have
used the technique to measure the non-Gaussianity of the shear and convergence field (Jain &
Van Waerbeke, 2000) and model the magnification probability distribution (see Section 4.3.1).
This latter aim is also the focus of the present work, although an alternative three-dimensional
method is developed for the purpose.

4.1.6 Three-Dimensional Approaches

Some three-dimensional approaches have been developed that allowed for comparison to the
usual two-dimensional multiple lens-plane approaches. For example, Couchman et al. (1999)
developed a three-dimensional algorithm for modelling weak gravitational lensing, comparing
the two- and three- dimensional shear, they found that the projection of 100 Mpc/h scales led
to errors of up to 9% depending on the redshift of the lens box. Vale & White (2003) perform
three-dimensional ray-tracing by computing the deflection angle for rays many times along their
path, advancing them in step-sizes of Lpox/N, along the line of sight. In their study, they used
a relatively number of grid points along the line-of-sight N, = 32, such that the step-size was
approximately 10 Mpc/h, but boxes of half that size were used for numerical tests. They found
that their convergence maps were unchanged to 0.1%. White & Hu (2000) perform simulations
of structure formation while simultaneously propagating photons through said simulation; they
are able thus to produce convergence fields from the light rays they follow.

4.2 Full 3D Ray Tracing

The ray-tracing method developed in this thesis incorporates the design of the ray-bundle method
without the multiple lens plane approach. The cosmological mass distribution is constructed
using outputs of N-body simulations at appropriate epochs so as to allow the simulation boxes to
be stacked end-to-end, as in RBM, but instead of collapsing each box into a 2D plane, the light
rays are traced through the full extent of the box by numerically integrating the null geodesic.
I am therefore able to quantitatively test the thin lens approximation.

4.2.1 Integrating the Null Geodesic

Few studies have taken on the task of numerically integrating the null geodesic (Eqns. 1.18)
from observer to source. The earliest of these assumed metrics that were approximated via a
simplified model for inhomogeneities and derived distance-redshift relations that were compared
to the Dyer-Roeder approximations (Futamase & Sasaki, 1989; Watanabe & Tomita, 1990; Kasai
et al., 1990). The latter, Kasai et al. (1990), drew attention to the spread in angular diameter
distances given a small enough beam-size and the fact that the average value was consistently
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Ray Bundle

Observer

Figure 4.2: Schematic of the Ray-Bundle method in which a congruence of Ny, = 8 rays (solid
lines) about the null geodesic (dashed line) is propagated from observer to source. Taken from
Fluke (1999)

lower than the homogeneous FLRW estimate, or equivalently the Dyer-Roeder value with & = 1.
Tomita (1998) numerically integrated the null geodesic through N-body simulations albeit at
low-resolution (N, = 323, Lo = 30 — 50 Mpc/h), finding that various cosmologies exhibited
differences in angular diameter distances.

4.2.2 The Ray Bundle Method

The Ray Bundle Method (RBM) was developed by Fluke et al. (1999), and see also Fluke (1999).
Here, the multiple lens-plane method is used to propagate light rays from the observer to a given
source plane, where the output of an N-body simulation code used to model the cosmological
mass distribution. However, instead of employing a grid-based technique for calculating magnifi-
cations across the source plane, the RBM models each individual line of sight as an ‘infinitesimal
bundle’ of light rays around a central ray and follows this bundle back to the source plane. An
initially circular image (or more precisely, regular polygonal) is distorted by the time it reaches
the source plane as a result of convergence and shear. These quantities can be determined for
this specific line of sight as the image-source association is maintained. The RBM is very well
suited to the weak lensing limit and provides a computationally efficient alternative to grid-based
ray-shooting methods; however, it underestimates the total magnification in cases where multi-
ple imaging is expected as only one image contributes to the magnification of each source. For
this reason, rays that fall within a minimum distance of a lens (remembering that a distribution
of point masses describes the lensing mass) are excluded from the analysis; these are likely to be
highly de-magnified images from a set of multiple images. This affects the high magnification
probabilities deduced, but does not significantly affect the weak lensing analysis (Fluke et al.,
2002). The RBM avoids the danger of artificial shear due to a source pixel collecting light rays
that have passed near the edge of a shooting grid.

Accuracy is limited not by the size of a grid, but by its two parameters: the number of
rays in a bundle and the angular size of each image. Fluke et al. (1999) found that 8 rays was
the “best compromise between accuracy and speed”; sufficient to reproduce the accuracy of a
ray-shooting analysis that requires 100 image pixels per source pixel. The image radius had
negligible effect on the minimum distance that a ray had to keep from a lens in order to achieve
the required accuracy.

95



The ray-tracing method developed in this thesis uses the RBM design of a ray-bundle but
does away with the multiple lens-plane treatment of the lensing mass. Instead, the evolution of
the cross section of the bundle is determined by integrating the null geodesic through a set of
N-body simulations.

4.2.3 Weak Field Metric

I assume the inhomogeneities present in large scale structure are small enough to be represented
as a perturbation to the background FLRW metric, resulting in the expanding weak field metric;
the line element is described by

ds* = —[1+ 29(t, )] dt* + a®(t) [1 — 2¢(t, )] dx?, (4.9)

where ¢ denotes the three spatial dimensions. The gravitational potential, which is defined
with respect to the local perturbation from a smooth background (see Section 4.2.4), can be
decoupled:

7!}(25’ m) =

such that 1 is defined in physical units and ¢ in co-moving. The non-zero Christoffel symbols
for this metric are then:

(4.10)
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(4.11)

The Christoffel symbols for this metric are dependent, not only on the gradients of the gravita-
tional potential ¢, but ¢ itself. However, the weak field condition requires that the magnitude
of the perturbations satisfy ¢ <« a. The Geodesic Equations - the second order differential
equations for the four coordinates - are then constructed.

4.2.4 The Gravitational Field
The perturbation field:

t — p(t
st z) = 2L —plh) (4.12)
p(t)
relates the local density, p(t, ), to the mean matter density, p(t), which is given by
p(t) = Quipelt). (4.13)
The perturbation is related to the gravitational potential (¢, x), by
4rG i(t, x)
tx)=———pt) [ dx*—"". 4.14
vit.) = =) [ dat T (11)
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The derivatives of the gravitational potential are given by

s x—x[*

dan

Then, one can relate the numerically determined co-moving potential to the above quantity via
Eqn. 4.10 and derivatives in a similar fashion:
dy(t,z)  ¢(x)

dn, = da, (1+ (). (4.16)

Constructing the grids that represent the perturbation field and its derivative requires a few
steps. Firstly, if the lensing mass is discretized into particles, then the mass within a cube
of co-moving side length Ly, is assigned to the nodes of a regular grid using the well-known
Cloud-in-Cell algorithm in three dimensions; the mean matter density is then subtracted off. A
Fast Fourier Transform is applied to convolve the mass distribution with the appropriate kernels
to determine the gravitational field and its derivatives according to Eqns. 4.14 and 4.15, using
the popular software package ‘Fastest Fourier Transform in the West’ (FFTW!). Depending on the
lens, a periodic mass distribution may be implied, or not. If not, the density grid is zero-padded
before performing the FFT convolution. At many stages during the integration, the local values
of the field and its derivatives needs to be evaluated, so an interpolation scheme was written for
this purpose. Here I only describe the scheme for the evaluation of ¢(z¢, y., z.) given the gridded
values ¢(z,y,z), but the same method is applied to evaluate the derivatives of the potential.
The scheme is not strictly tri-cubic interpolation, but a three-dimensional version of the bicubic
spline. Instead, it initially performs a one-dimensional spline to compute the derivative with
respect to the z-axis; i.e. it fits a spline to find d¢(x,y, z)/dz across the entire grid. This is only
done once for each lensing mass distribution. Each time the local values need to be found, the
scheme identifies the gridded values that include n;,; points on either side of the current location
for each dimension, i.e. a (2nj,)> mesh grid. Then, the scheme then performs the following
steps:

1. The gridded derivative is interpolated across the chosen dimension, in this case the z-
dimension, to find ¢(z,y, z.), i.e. the value with the current z-coordinate of the photon
specified, but the other coordinates corresponding to grid points. (2n;,;)? interpolations
are required.

2. Another set of 2n;,; one-dimensional splines are performed, this time across the x-axis, to
find do(x,y, z.)/dx.

3. 2n;y interpolations along the x-axis determine ¢(z.,y, z¢).
4. A single one-dimensional spline across the y-axis is used to find d¢(z.,y, z.)/dy

5. Finally, a single interpolation along the y-axis allows one to evaluate ¢(xc, Y, zc)

4.2.5 Evolution of the Scale Factor

For certain cosmologies, the Friedmann Equations (Eqns. 1.3a) can be solved to find the specific
time dependence of the scale factor; for a spatially flat, radiation-free Lemaitre model (2, = 0,
Onm + Qp = 1), with Q4 > 0, this dependence is given by :

a(t) = [%AO nh2< VOroHo(t 0-75)]1/3, (4.17)

http:/ /www.Ftw.org/

o7



where tj is given by
ty = # sinh~! M.
3Hoy /o Qo
Equations 4.17 and 4.18 were derived from Eqn. 15.36 in Hobson et al. (2006), the solution for
a spatially flat, matter-only Lemaitre model, but with ¢ used to denote lookback time instead.
As the photon traverses a single lens box, the scale factor will evolve (i.e. decrease) although
the co-moving scale of the structure does not change appreciably over this time-scale. The value
of the scale factor is required to evaluate the Christoffel symbols, so I evolve the lookback time
for the photon as well as the spatial coordinates and use this to determine the scale factor at
each position throughout the box.

(4.18)

4.2.6 Numerical Integration

The four second-order differential equations given in Eqn. 1.18 are reduced to eight coupled
first-order differential equations, which are integrated with the affine parameter A\ as the de-
pendent variable. The Christoffel symbols are those presented in Eqn. 4.11. A classical fourth
order Runge-Kutta integration scheme with fixed step-size was written and used to perform the
integration. The subtlety is that it is the z-coordinate, rather than the affine parameter, that
determines the boundaries of the integration. The exact evolution of the affine parameter will be
different for each ray-bundle, and is not known in advance. Therefore, the integral is repeated
in small steps of A\, AArk,until the z-coordinate reaches the value required at the source plane
D¢ (zs). The step-size is chosen such that the estimated resultant step in z is a fixed fraction,
f, of the Fourier-grid resolution:

ARk = % (4.19)

NFFT20

where the overdot denotes the derivative with respect to A and nppr denotes the number of
points along one side of the Fourier-grid (see Sec. 4.2.4). If the ray overshoots the source
plane, a simple linear interpolation, using the current and previous positions, is used to find the
final source position. The use of a fixed step-size is deemed appropriate as the values of the
Christoffel symbols are interpolated from gridded values, as described in Sec. 4.2.4. There would
be little information gain from step-sizes much smaller than the grid resolution. Nevertheless,
the effect of the choice of step-size is analysed, along with other numerical parameters, with
results presented in Sections 4.5.1 and 4.5.2.

4.2.7 The Magnification Matrix

This method propagates eight rays and a central ‘anchor’ ray from observer to source. Initially,
the eight rays are ‘regularly’ distributed around the anchor, which represents the null geodesic;
they form an octagonal image, but by the time they reach the source, the shape they create has
been distorted. From the positions of each rays, the Jacobian of the lens mapping, also known
as the magnification matrix, can be determined. The method, described below, was used in
Fluke et al. (1999), but is presented here for completeness.

For each ray, 7, in a bundle, the separation vector connecting it to the anchor ray is denoted
a2’ in the image plane and ¥y’ in the source plane. These vectors satisfy

y' = Ax’ (4.20)

under the assumption that the deformation is small. Then, for each possible pair of rays in
the bundle, 8Cy = 28 in total, labelled with the superscripts i and j, Eqn. 4.20 provides four
equations:

yzl = Anl'il + Alzxé (4.21)

o8



y% = A21$§ + Agg:lfé (4.22)

which are solved simultaneously to determined the lensing matrix, A, applicable to that pair of
rays. Averaging over each pair, we find the ‘average’ magnification matrix. That the average
of the 28 matrices provides a reasonable approximation to the magnification matrix for the null
geodesic is non-trivial. The assumption is that the matter perturbations do not vary appreciably
over the width of the beam, which is why smaller bundle-sizes are preferred. Having determined
the ‘average’ magnification matrix for that ray-bundle, it can be seen from Eqn. 1.23 that the
lensing quantities of interest can be found. The convergence is given by applying the relation

w1 %TT(A) (4.25)

and the magnification for the single line of sight, as in Eqn. 1.24, is related to the determinant
of the Jacobian by
p = (detA)™1, (4.26)

and therefore the shear is determined by combining Eqns. 1.24, 4.25 and 4.26:
V= (1R (4.27)

- iTr(A) _ detA (4.28)

4.3 Weak Lensing Statistics

4.3.1 The Magnification Probability Distribution

In an inhomogeneous universe, each line of sight probes a slightly different integrated mass and
is sheared differently. The result is that for a given redshift z, a source is magnified (or de-
magnified) by some amount p, relative to the case of a perfectly homogeneous universe on all
scales. Overdense regions result in magnification and vice versa. The magnification probability
distribution, or uPDF, and indeed the statistical distribution of optical quantities such as con-
vergence and shear, have been quantifiers of the large-scale lensing effect in many studies (Holz
& Wald, 1998; Premadi et al., 2001; Das & Ostriker, 2006). p(u, z)du is the probability that a
source at redshift z would be magnified by p*, where p < p* < p + dp. It satisfies

/000 p(p, z)dp = 1. (4.29)

When the puPDF is convolved with intrinsic luminosity distributions for a standard candle,
the result describes the observed spread in magnitudes. Flux conservation (Weinberg, 1976)
demands that p(u, z) satisfies

(n) = /OOO pp(p, z)dp = 1. (4.30)

If only truly weak lensing events are accounted for, the distribution is Gaussian; however, the
complete distribution is highly skewed towards high magnifications. There exists a minimum
magnification, indeed a minimum convergence, which corresponds to a line of sight that en-
counters no matter between observer and source; this is also referred to as an empty beam (see
Sec. 4.3.2). The spread in this distribution increases with source redshift (Babul & Lee, 1991).
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The high magnification ‘tail’ exhibits a power law trend p(u) o © =3, which results in a formally

divergent standard deviation. The high magnification region suffers from low number statistics
and since it represents the effects of strong lensing, cannot be probed by ray-tracing methods
such as RBM. On the other hand, the intermediate magnification region is fairly dependent
on the cosmological model and thus provides an opportunity to test the relevant cosmological
parameters (Wambsganss et al., 1998). Consider now the statistical parameters that describe
the full uPDF. The mode is below unity, which reflects the fact that most lines of sight probe
underdense regions while most of the mass is locked up in overdensities that are rarely encoun-
tered (Refsdal, 1970). The median magnification value is a robust estimator and a powerful
cosmological discriminator (Wambsganss et al., 1997).

4.3.2 Full Beam vs. Empty Beam

Magnification is the relative increase in flux as a result of gravitational lensing. There is a
subtlety here. One may compare the flux received from the source to the flux received if the
universe was entirely homogeneous, in which case the magnification is referred to as the full-beam
magnification, ji . This is the magnification referred to in Sec. 4.3.1. The so-called empty-beam
magnification, p.p, is defined relative to the case where all the matter in the universe is locked up
in compact objects, and all lines of sight are empty. As this is the case of minimal magnification
(no convergence and assumed negligible shear), then pp, is always greater than unity. To derive
the relationship between the two magnifications, we must compare the solid angles subtended
by the source: €1y, in the full-beam scenario, {)¢; in the empty-beam scenario and €2;,,4 the solid
angle of the image observed. Given the conservation of surface brightness, the magnifications
are defined by:

Qimg Qimg
= and = .
Kb be Heb Qs

The solid angles are related to the physical area of the source via the angular diameter distances
(see Appendix A):

(4.31)

Asrc Asrc
Q = ‘o d Q. - 4.32
= e ™ W) = 022 Da(e) (4.32)
Combining Equations 4.31 and 4.32, one is easily able to convert between the two:
2
my _ Dpl2) (4.33)

feb D% (2)’

The angular diameter distance in the full-beam case, Dyp(2), is equivalent to the Dyer-Roeder
distance D(& = 1;z) which is also the FLRW solution presented in the Appendix by Eqn. A.6
with z; = 0. The empty-beam angular diameter distance, De(2), is found by solving the
Dyer-Roeder equation for & =0 :

Dep(2) = D(@=0;2) = c/oz (14—2”)12H(z’)dZ/ (4.34)

In the numerical ray-tracing method presented here, the method described in Sec 4.2.7 deter-
mines the full-beam magnification.

4.3.3 Numerically Modelling the PDFs

Using ray-tracing procedures to construct a magnification probability distribution is effectively
equivalent to calculating the angular diameter distance in different directions out to the same
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co-moving distance. The distribution of angular diameter distances for a given source redshift
has been investigated by Hadrovic & Binney (1997). In the extremal case of a large beam-
size, and therefore, large separations between rays, the angular diameter distances would be the
same in all directions and the ‘distribution’ would be a single peak at D (z), the average FLRW
value, implying homogeneity on those scales. However, if the beam-size is small enough, then
the inhomogeneities induce a distribution.

Each ray-bundle probes a single light of sight. More specifically, it describes the lensing
that has affected a single image of a fixed size on the sky. The number of bundles that ex-
hibit a magnification of u are thus proportional to the probability that an image is magnified
by pu. However, the statistical quantity of interest is the magnification probability distribution
for sources. Therefore the number counts that are used to produce the magnification proba-
bility histograms presented in Sec. 4.4.4 are weighted by the area covered by the beam at the
source plane, or equivalently, the inverse of the magnification. Similarly the mean and standard
deviation of these properties are also weighted.

4.4 Ray-Tracing Predictions

In order to construct the predicted probability distributions for the weak lensing statistics nu-
merically, numerous null geodesics are integrated through a cosmological mass distribution that
is generated with the aid of N-body simulations. The results are compared to those constructed
with the original RBM (Fluke et al., 1999).

4.4.1 The N-body Simulation

The cosmological simulations are carried out with the parallel Tree-PM SPH code GADGET2.
I adopt a ACDM cosmology, with the following values for the cosmological parameters: Qo
= 0.27, Qro = 0.73, h=0.71, og = 0.9. The dark matter distribution is discretised into 2563
particles distributed within a periodic box with co-moving length of Ly = 50 Mpc/h, resulting
in a mass resolution of m, = 6.3 x 108 M); the initial displacements are in a ‘glass’ configuration.
The simulations begin at an initial redshift of z; = 39, with a redshift-dependent gravitational
force softening length of €., = 16 kpc/h (Plummer-equivalent).

The space between an observer and source is divided up into individual regions, each modelled
by a snapshot of a cosmological simulation at an appropriate redshift. The snapshot cadence,
Az, is chosen such that the light travel time corresponds to the length of the boxes. The line-
of-sight integrated co-moving distance between an observer and source at z = z, is presented in
Appendix A, but reproduced here:

s dz
D.=c . H() (4.35)
Since this cannot be easily evaluated in general, we instead assume that the differences between
the redshift of adjacent boxes are small, and thus:

cAz

) (4.36)

Lyox =
which is easily rearranged to determine the snapshot cadence. A total of 28 boxes are required
to fill the space between an observer and a source at z ~ 0.5.

Note that the scale factor at the position of a light photon is required to integrate the null
geodesic. This scale factor, is not identified with the ‘average’ redshift of the current snapshot
being traced through; instead it is derived from the lookback time (see Eqn. 4.2.5) and evolves
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during the integration through the box. That is to say, it is assumed that in the time it takes
for a photon to traverse a box, the co-moving scale of the structure remains constant, however
the physical scale length changes. The numerically derived value of the scale factor at each
box interface is compared to the redshift of the appropriate snapshot using Eqn. 1.4 as a sanity
check.

4.4.2 Sampling Region

In order to avoid repeated structure, a number of precautions were taken. Nine independent
simulations were run, resulting in nine separate realisations. The snapshot for each required
redshift was chosen randomly from among the nine realisations. The chosen box was then
randomly translated and rotated 90° about any/all of the axes. From each 50 Mpc/h box I
selected the lensing mass formed by particles within a prism 6.25 Mpc/h across the sky and 50
Mpc/h along the line of sight. This is split into 8 cubes each of volume V = 6.253 (Mpc/h)3 ~ 244
(Mpc/h)3. Each of these has its mass placed on a 128 point grid, using the Cloud-In-Cell
algorithm. I apply an FFT to these boxes with zero-padding so that the density field (and the
derivatives of the gravitational potential) due to structure within the boz only is determined
on a scale of 49 kpc/h. Note here that the simulation is run on a larger box such that the
large-scale modes are included in the formation of structure, but I only use a smaller portion of
the box for the lensing. The null geodesics of the eight rays and one anchor of each ray-bundle
are numerically integrated using the methods described in Sec. 4.2.3 — 4.2.6. Lines of sight that
fall too close to the edge of the boxes will be artificially sheared, so assuming that most of
the lensing occurs due to mass within 0.5 Mpc/h, I only send out ‘beams’ that will fall within
the central 5.25 x 5.25 (Mpc/h)? region at the source redshift. For a source redshift of z=0.5,
with an angular diameter distance of approximately 900 Mpc/h, this means that the area of sky
sampled is about 0.33° x 0.33° or 5 x 1076 of the entire sky. To increase the sampling area, this
entire procedure is used to trace the paths of 10 000 bundles, then repeated for another 10 000
bundles using another lensing mass distribution sampled from the same set of simulations..

4.4.3 Memory requirements

As small sections of the simulated boxes are used for the sampling, the assumption of periodicity
is dangerous. If so, the coincidental presence of a large cluster would be accompanied by many
large clusters in the vicinity, in other words, the power on small (6 Mpc/h) scales would be
artificially increased. It is safer to assume that matter outside this region, atleast 1 Mpc/h
from any given light bundle, plays a negligible role in lensing. So zero-padding is required to
model the gravitational potential. This is when the computational challenge is most apparent.
Each Fourier-grid ‘stores’ (2 x nppr)® double precision numbers and four grids are required,
one of the potential and three for its derivatives. All the individual rays of each bundle are
ray-traced through one box; their positions and directions are stored; then the field values are
no longer needed. So at any one time, the bulk of the memory usage corresponds to four sets
of three-dimensional Fourier-grids. In order to double the spatial resolution, the lensing mass
would need to be placed on a grid with nppr = 256, and ~ 22GB of RAM would be required
during the FFT, although only an eighth of this is actually required for the ray-tracing. This
presents a challenge to the construction of a ray-tracing prediction that requires statistically
large numbers of lines of sight to be probed. Higher source redshifts will also require more
simulation boxes to be stacked for this purpose; the computational time increases linearly with
the number of simulation boxes required. Both requirements place increasing pressure on time-
allocation on large-memory nodes; this is the kind of constraint that prevents codes such as this
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Figure 4.3: A two-dimensional schematic diagram of the ray-tracing method. Large simulation
snapshots (dashed lines; three shown here) of length Ly fill up the space from the observer,
z = 0, to the source plane at zs. Small cubes (thick lines) from within these boxes form a prism
of lensing mass. The mass in each cube is distributed onto Fourier-grids (thin lines) before
calculating the gravitational potential and derivatives in order to numerically integrate the path
(green) of a photon.

from being widely used. Nevertheless, it is necessary to determine if the predictions based on
the widely-used multiple lens-plane method exhibit any biases.

4.4.4 Comparing Probability Distributions

The predicted probability distributions of magnification and shear are constructed by ray-tracing
2 x 10* bundles through the three-dimensional mass distribution described above. The results,
shown in Figures 4.4 and 4.5 are compared to the probability distributions constructed with
the multiple lens-plane RBM using 5 x 10* bundles. However, not all ray-bundles are included
in the histograms. If a ray-bundle were to suffer from neither convergence not shear, it would
obtain the minimal magnification, jicp min = 1, or equivalently, i ¢p min = D?b(zs) / Dzb(zs). For a
source redshift of z = 0.5, this minimum magnification is = 0.965. Those bundles that produce
magnifications below this minimum value represent the demagnified components of a multiple-
image system, a possible consequence of strong lensing. These will highly underestimate the
total magnification of the associated source. On the other hand, if a magnified image is traced
back to the source plane, but belongs to a multiple-image system, it will not be identified as
such. Although it will also underestimate the total magnification, it will generally do so by a
negligible amount.

The ray-tracing method developed in this thesis does not produce any bundles that must be
excluded. In addition, larger magnifications and shears are not produced, as shown in Figures 4.4
and 4.5. Both of these are likely to be consequences of the poor spatial resolution of the Fourier
grid. The results show that structure on scales of 50 kpc/h and above that are able to produce
strong or even ‘moderate’ lensing are rare. In addition, the slope of the differential magnification
probability distribution is found to be much steeper than for RBM, even in the regime of weak
lensing. It is this result that is most surprising, but there are two aspects of the ray-tracing codes
that can produce this discrepancy: the use of lens-planes and method by which the deflection
of the light photon is calculated.

63



~
=3
N ——
(@) e
8 n
0 H—
- 100}
S .
© [
—~
=3 —
N — I
a i
107t b

1.0 15 2.0 2.5

Magnification (L)

Figure 4.4: The magnification probability distribution for a source at redshift z = 0.5 as pre-
dicted by the multiple lens-plane RBM sampling 5 x 10% lines of sight (blue) and by the three-
dimensional equivalent sampling 2 x 10* lines of sight (black).

The RBM method treats the lensing mass distribution as compact objects, even though the
particles in the N-body simulation represents an underlying smooth dark matter distribution.
The consequence of shot-noise can be to produce artificial caustics. The present work avoids
this by applying Fourier methods. While the aim of the direct comparison between RBM and
the method presented here is to quantify the effect of the multiple lens-plane approach, it is also
possible that the difference in the treatment of the mass leads to the discrepancy.

4.4.5 Scale of Structure

The scale of structure that can be probed is limited by the spatial resolution of the Fourier grid.
It is also limited by the force-softening length applied in the simulations (see Sec. 2.2). Another
set of five simulations were run with a smaller force-softening length in order to test the effect
of force-softening. The ray-tracing described above were repeated on these simulations. The
results are shown in Figure 4.6. No significant difference is seen when comparing the results of
ray-tracing through simulations that probe different scales. However, it is recognised that the
differences in the simulated structure will primarily be on ~ 10kpc/h scales; the limit imposed
by the Fourier-grid resolution will dominate over the effect of force-softening.
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Figure 4.5: The shear probability distribution for a source at redshift z = 0.5 as predicted by
the multiple lens-plane RBM sampling 5 x 10% lines of sight (blue) and by the three-dimensional
equivalent sampling 2 x 10* lines of sight (black).

4.5 Parameter Dependencies

The rest of this chapter is devoted to verifying the accuracy of the ray-tracing code and deter-
mining its parameter dependencies. I perform ray-tracing over lensing mass distributions for
which the analytic solution is known. Firstly, tests conducted on a homogeneous universe for
which the perturbation is zero everywhere, i.e. ¢(t,x) = 0, recover the known angular diameter
distance, D(zs) (see Eqn. A.6 with z; = 0).

Below I present results of ray-tracing in the vicinity of simple lens. Both of the lens models
used are fairly compact, thin lenses if you wish, and so the thin lens approximation applied in
the analytic solution is suitable. The analytic solutions should be read as magnification for the
1mage at that location, rather than the total magnification of the source. This is an important
distinction. The ray-bundle approach only follows the congruence corresponding to a single
image, and therefore cannot account for the total magnification of multiply imaged sources; this
is one of the reasons why it should not be used to model strong lensing. Yet for these simple
lenses, we are still able to test our results against the known magnification of a single image for
an otherwise strongly lensed source.

4.5.1 Schwarzschild lens

The Schwarzschild lens, a single density peak, is the simplest lens case one may study. The
analytic solution for the magnification for an image at any location is well known and is presented
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Figure 4.6: The magnification probability distribution for a source at redshift z = 0.5 as pre-
dicted by the three-dimensional ray-bundle method. The force-softening length in the cosmo-
logical simulations is capped at 5 kpc/h (red) and 16 kpc/h (black). The two histograms are
shifted slightly for clarity. Both histograms are constructed from sampling 2 x 10* lines of sight.

in Appendix B.1. Since the gravitational potential here is equivalent to the kernel multiplied
by the mass of the lens, I directly compute the gravitational field, before perform the ray-
tracing. The Einstein radius increases with the mass, so by using an unusually massive lens, it
is possible to study the behaviour of ray-bundles that pass near (or inside) the Einstein radius.
In cosmological simulations, the RBM explicitly avoids this as the images near the Einstein ring
are part of multiple set of images, and the images inside the ring are the demagnified images
which contribute only a small portion of the magnification of the associated source. However,
for testing purposes, I allow lines of sight that approach the Einstein radius since the analytic
solution is known for each individual image. In the fiducial test case, the Schwarzschild lens has
a mass of 10150 It is placed at a redshift of z, = 0.35, giving it an Einstein radius of 6576 for
a source redshift of z; = 0.8, which corresponds to ~ 12 mesh-points on the 2563 Fourier-grid.

The ray-tracing code developed here is able to reproduce the desired lensing distortion very
well. The plots on the left hand side of Figures 4.7 and 4.8 show that even high magnification
events, which occur when the image is near the Einstein radius, are recovered by the numerical
method. The numerical error, shown on the right hand side, increases for images that are
closer to this radius where the strong lensing effects, like flexion, are expected to play a role
and an eight-ray bundle has limited application regardless of the choices of other numerical
parameters. Note that in each test shown in Figures 4.7 — 4.15, the results break down in
the very centre of the lens; the error surpasses 3% when the impact parameter is smaller than
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Figure 4.7: The radial dependence of magnification (u; left) and the percentage error in the
numerical magnification (Ap/p; right) when ray-tracing past a Schwarzschild lens. Results are
shown for a fiducial choice of the number of points used to interpolate the local potential field
and its derivatives: nj,; = 2 (red) as well as nj,; = 1 (blue). In each case, 102 lines of sight have
been distributed and binned uniformly with log(r/ryi;), and the analytic solution at each point

is included on the graph on the left. 1o error-bars are shown.
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Figure 4.8: The radial dependence of magnification (u; left) and the percentage error in the
numerical magnification (Ap/p; right) when ray-tracing past a Schwarzschild lens. Results are
shown for a fiducial choice of Runge-Kutta step-size that is 1/2 the Fourier-grid resolution (red)
as well as for 1/3 the grid resolution (blue). In each case, 10® lines of sight have been distributed
and binned uniformly with log(r /i), and the analytic solution at each point is included on the
graph on the left. 1o error-bars are shown.
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a limiting radius, hereafter referred to as the ‘minimum reliable radius’, or MRR. The MRR
can be used as a measure of numerical accuracy and the effect of numerical parameters. For
example, by decreasing the number of interpolation points so that just one Fourier-grid node on
either side of the current position is used to find the local values of the gravitational field and
its derivatives, Figure 4.7 shows that the MRR expands out to a larger impact parameter where
only low magnification regions (u < 1.5) are recovered with < 3% accuracy. However, once the
number of interpolation points is increased beyond this, this parameter has little influence on
the accuracy of the results. Likewise, a Runge-Kutta step-size that is approximately half the size
of the Fourier-grid resolution (frx = 0.5) is sufficient for accuracy at moderate magnifications
(1.5 < pu < 6). Decreasing this parameter has negligible effect on the results.

4.5.2 Discretised NFW lens

Lenses with the NF'W profile (see Section 1.3.3) were modelled by discretising the mass contained
in one virial radius into a number of particles of equal masses and constructing a fake simulation
output in the GADGET format. The numerically determined gravitational potential is therefore
not equivalent to the analytic solution, but suffers from discretisation effects just as a simulated
halo would. The spherically symmetric lens is divided into a fixed number of radial bins of equal
width, extending from the centre to the virial radius. Each particle is randomly placed in one of
the radial bins with a probability proportional to the mass within that bin; the bin mass is found
by appropriately integrating the density profile, given in Eqn 1.9. The lenses modelled for this
purpose have a virial mass, and total mass, of M;,/Mg = 10" and concentration parameter
ca = 7.2. At a (lens) redshift of z;, = 0.35 and a virial overdensity of A, = 200, their virial radii
are 0.55 Mpc/h. The results presented here are for a source redshift of zg = 0.8. Figures 4.9—
4.12 show the magnifications determined by ray-tracing over a range of impact parameters. The
ray-bundles are allowed to encounter the lens at a distance of up to twice the virial radius, which
corresponds to an angular separation of 343”. Since the lens is only defined out to one virial
radius, the metric on the exterior is given by the Schwarzschild metric, by Birkhoff’s theorem.
Thus the analytic solution for p(r) switches to that appropriate for a Schwarzschild lens outside
this impact parameter. The analytic solutions for image magnification and shear by a lens with
the NFW profile are presented in Appendix B.2.

By varying the grid size, I notice that the MRR has a very strong dependence on grid size.
The interpolation scheme used to measure the local gravitational field would probably smooth
over the central cusp, causing the large errors here. I conclude that if small-scale structure is
responsible for a caustic (high magnification) then this will be washed out.

Ray-tracing Parameters

The size of the ray-bundle, or equivalently, the radius of the image or beam, has negligible effect
on the ray-tracing results. Outside the MRR and within the virial radius, the error remains fairly
constant at 1%. The MRR has a strong dependence on the number of points used to interpolate
the values of the gravitational potential and its derivatives from the Fourier-grid on which they
are calculated. The use of more interpolation points allows for more robust ray-tracing, with a
more accurate mean magnification value. However, the computation time rises approximately
linearly with the number of interpolation points used, and the interpolation scheme suffers in
the vicinity of density peaks. The latter issue should not pose too much of a problem when
the lensing mass distribution is large-scale structure, but computational efficiency presents a
significant hurdle for ray-tracing procedures such as this. Therefore, the 2-point interpolation
scheme is chosen. The parameters that most govern the accuracy of the ray-tracing scheme
are the Fourier-grid size and mass smoothing length, which have essentially equivalent effects;
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Figure 4.9: The radial dependence of magnification (u; left) and the percentage error in the nu-
merical magnification (Apu/p; right) when ray-tracing through a discretized NFW lens. Results
are shown for a fiducial choice of ray-bundle radius, § = 0.1” (red) as well as § = 1”7 (blue).
In each case, 10* lines of sight have been binned uniformly with log(r/7i;), and the analytic
solution at each point is included on the graph on the left. 1o error-bars are shown.
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Figure 4.10: The radial dependence of magnification (u; left) and the percentage error in the
numerical magnification (Ap/p; right) when ray-tracing through a discretized NFW lens. Re-
sults are shown for a fiducial choice for the number of points used in the interpolation scheme,
Nint = 2 (red) as well as ng,; = 1 (blue). In each case, 10* lines of sight have been binned
uniformly with log(r/ryir), and the analytic solution at each point is included on the graph on
the left. 1o error-bars are shown.
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Figure 4.11: The radial dependence of magnification (u; left) and the percentage error in the
numerical magnification (Ap/p; right) when ray-tracing through a discretized NFW lens. Re-
sults are shown for a fiducial choice for the Fourier-grid resolution, 24 kpc/h (red), as well as 49
kpc/h (blue). In each case, 10* lines of sight have been binned uniformly with log(r/ryi;), and
the analytic solution at each point is included on the graph on the left. 1o error-bars are shown.
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Figure 4.12: The radial dependence of magnification (u; left) and the percentage error in the nu-
merical magnification (Ap/p; right) when ray-tracing through a discretized NFW lens. Results
are shown for a fiducial choice of no smoothing (red) as well as for the case where the lensing
mass is smoothed with a filter of width ¢ = 1 kpc/h (blue). In each case, 10* lines of sight have
been binned uniformly with log(r/rvir), and the analytic solution at each point is included on
the graph on the left. 1o error-bars are shown.
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Figure 4.13: The radial dependence of magnification (u; left) and the percentage error in the nu-
merical magnification (Apu/p; right) when ray-tracing through a discretized NFW lens. Results
are shown for a fiducial choice of Runge-Kutta step-size that is 1/2 the Fourier-grid resolution
(red) as well as for 1/4 the grid resolution (blue). In each case, 10 lines of sight have been
binned uniformly with log(r/rviy), and the analytic solution at each point is included on the
graph on the left. 1o error-bars are shown.

assigning mass to an Fourier-grid acts to spread it out over a fixed number of grid-points. A
CIC mass assigning scheme is different to a Gaussian filter smoothing, but is essence, the larger
the area over which mass is spread, the more density peaks are suppressed and the larger the
error in the tests shown in Figures 4.12 and 4.11.

Lens Model Parameters

The model lens used for this test is subject to a few user-defined variables. A few convergence
tests are run to ensure that these were not the cause of the observed features. I repeat the test for
particle mass resolutions ranging from 10° to 10! M, for a fixed halo virial mass, M = 10 M;
the results are shown in Figure 4.14. I find that the resulting scatter increases from less than
1% up to 10% at a fixed impact parameter. One could equivalently say that the MRR is larger
for haloes that are not as well resolved. The cosmological mass distributions studied have mass
resolutions better than 10'9M, so one can expect a low error in magnification even within dense
regions. The number of bins that the lens is divided into is a choice that has negligible effect on
the ray-tracing results, as shown in Figure 4.15. One is therefore reassured that the results of
the ray-tracing on the discretised NF'W profile are relevant to the results of ray-tracing through
cosmological mass distributions based on the fiducial parameter choices.

4.6 Summary

In this chapter, I have developed a code that performs ray-tracing with numerical integration of
the null geodesic rather than invoking the multiple lens-plane approximation. This allows one
to quantify the effects of such approximations when the deflecting mass can include large-scale
line-of-sight filaments. This new code implements the efficient 8-ray bundle design developed
in previous works yet models high magnification events accurately and is not limited to low
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Figure 4.14: The radial dependence of magnification (u; left) and the percentage error in the
numerical magnification (Ap/p; right) when ray-tracing through a discretized NFW lens. Re-
sults are shown for a fiducial choice of mass resolution, m,/Ms = 10 (red) as well as for
mp/Me = 10* (pink) and m,/Mg = 10 (blue). In each case, 103 lines of sight have been
binned uniformly with log(r/ryi;), and the analytic solution at each point is included on the
graph on the left. 1o error-bars are shown.
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Figure 4.15: The radial dependence of magnification (u; left) and the percentage error in the
numerical magnification (Ap/p; right) when ray-tracing through a discretized NFW lens. Re-
sults are shown for a fiducial choice of 30 radial bins used for the lens discretisation (red) as well
as 10 bins (blue). In each case, 103 lines of sight have been binned uniformly with log(r /i),
and the analytic solution at each point is included on the graph on the left. 1o error-bars are

shown.
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density regimes as a result of the Fourier methods used in determining the local gravitational
potential and its derivatives. The scale-factor is increased along the path of integration while
the Newtonian potential (in co-moving coordinates) remains static during the time it takes for a
photon to cross a simulation box. The efficiency and accuracy of this computationally challenging
approach can be improved by careful choices of numerical parameters; therefore, the results are
analysed for the behaviour of the ray-tracing code in the vicinity of Schwarzschild and NFW
lenses. The limitations are dominated by the spatial resolution of the Fourier-grid and the mass
resolution of the discretized lens. Comparisons to a multiple lens-plane algorithm are drawn in
the context of cosmological mass distribution for a source redshift of z; = 0.5. Preliminary results
suggest that either the Fourier-grid resolution or shot-noise from a discretized mass distribution
are responsible for the observed differences. A number of future studies are proposed: ray-
tracing to higher redshifts, comparison to multiple lens-plane methods that incorporate a Fourier
method for measuring deflection angles, modelling higher-order statistics as well as the weak
lensing correlation function.
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Chapter 5

The Redshift Drift Experiment

“Sometimes also, I see objects move when I stare at them long enough.”

— Anonymous (feedbackfail.com)

Throughout this thesis we have been concerned with the applications of gravitational lensing to
analyse structure on various scales. In some studies, observations of background lensed galaxies
provide a new window into the mass distribution of foreground structure; we use gravitational
lensing to our benefit. Nevertheless, lensing can introduce biases and noise to the predictions of
a given theoretical model, if it is not accounted for. In this chapter, a case in point is explored.

5.1 The Redshift Drift Experiment

Few experiments can truly claim to directly observe the expansion of the universe. Even the
presence of redshifted spectral lines in extragalactic objects was not instantly able to convince
the community that the universe was expanding; several other explanations, such as the tired-
light hypothesis were being invoked as an alternative. Nowadays, discussion is centered around
late-time acceleration, accurate mapping of the scale factor as a function of cosmic time and the
possibility of evolving dark energy. Redshift drift is a direct probe of the dynamics of expansion,
as the Hubble parameter H(z) is measured at particular redshifts. The basic idea is that if the
spectroscopic redshift of an extragalactic object is measured and then measured again after a
sufficient period of time, the redshift will be seen to have changed.

The spectral resolution required to detect this change is enormous, but while the detection
of the cosmic signal was deemed out of reached a few decades ago, the recent suggestion to
use the Lya forest seen in quasar spectra and large cadence (~10 yr) observations on next-
generation telescopes has allowed us to envision the possibility of conducting this experiement
in the near future. The major requirements are ultra-stable spectrographs and thousands of
hours of monitoring, so the COsmic Dynamics EXperiment (CODEX) spectrograph proposed
for the European-ELT is suitable. As this would be a ground-based study, the redshift range
that can be probed is limited by the observed wavelength.

The experiment, also known as the Sandage-Loeb Test, is unique in its ability to probe the
“redshift desert” (2 < z < 5). Many authors have analysed the potential for the test to constrain
evolving dark energy models (Corasaniti et al., 2007; Balbi & Quercellini, 2007; Lake, 2007);
the results are dependent on the specific redshift dependence of the dark energy equation of
state for each of the models; sometimes it is found that large discrepancies between a particular
dark energy models and the standard ACDM fall outside the redshift range being probed. Thus
far, the various studies suggest that Chaplygin gas models, Lemaitre-Tolman-Bondi (LTB) void
models, interacting dark energy models and certain holographic dark energy models can be well
constrained within a decade of observations, or rejected at high confidence if ACDM is correct
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Figure 5.1: spectrum of the quasar HS 0105+1619. Light from distant quasars is absorbed by
the neutral hydrogen atoms along the line of sight. This produces characteristic absorption
features in the spectra of quasars called the Ly« forest. Taken from O’Meara (2004).

(Balbi & Quercellini, 2007; Quartin & Amendola, 2010). Conversely, the Chevallier-Polarski-
Linder (CPL) model, scalar field power law potential model, f(R) gravity and in general dark
energy models with many parameters are not as well constrained (Balbi & Quercellini, 2007;
Jain & Jhingan, 2010).

Many of these tests rely on accurate measurements of the drift, and detection alone is only
possible with next generation large telescopes. All systematic biases and sources of noise must,
therefore, be identified and the threat they pose to the detection must be quantified. With this
in mind, I examine one such threat: the changes to observed redshifts of objects caused by the
transverse motion of Ly« clouds.

5.2 Quasar spectra and the Lya forest

Any neutral hydrogen present along the line of sight to an observed quasar may manifest itself
as absorption features in background quasar spectra; some fraction of the atoms are ionised by
rest-frame 912A photons. Since these so-called Lya clouds as closer to the observer than the
quasar, the absorption lines are blueward of the strong Lya emission line emitted at the quasar
redshift, z,;, which is observed at 912(1+ zq)A. Since neutral hydrogen is distributed throughout
the line of sight, one sees absorption features so numerous they cut out almost all emission up
to 912A- this is known as the Lya forest (see Fig. 5.1). The lines are typically distinguished
by their neutral hydrogen column densities, Ny, in units of cm™2. When log(Ng1) = 17, the
optically thick nature of the absorbers results in a discontinuity at (blueward of) 912A (rest-
frame); these absorbers are classified as Lyman limit systems (LLS). When the column densities
surpass a certain threshold, with log(Npgr) 2 20, the self-shielding mechanism leads to damping
wings about the absorption line; the associated cloud is known as a Damped Lyman-a systems
(DLA). More recently a new class of absorbers has been identified, sub-DLAs with HI column
densities of 101 < N1 < 2 x 10%,
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5.3 The Nature and Distribution of Absorbers

The existence of the Ly« forest indicates the presence of neutral hydrogen along the line of
sight to the quasar being observed. However, the nature of the structures that provide this gas
is not well understood, and several studies have aimed to understand exactly what it is that
causes the absorption lines. Early suggestions included pancake-like disks of gas formed via
dissipative collapse (Zel’Dovich, 1970; Zeldovich, 1978). However, modern simulations provide a
very different view of structure formation (See Section 1.3.1). Filamentary structure and galaxy
haloes present two distinct possible hosts to neutral hydrogen gas. While the nature of filaments
would prevent a large column density (unless an unusual alignment occurred), gas density would
clearly drop with distance from the centre of a galaxy halo. Imaging studies of the regions near
quasars that exhibit DLAs in their spectra provide the opportunity to identify the nature of the
objects that lead to these spectral features. Some of the higher column density absorbers are at
small impact parameters from galaxies (e.g. Le Brun et al., 1997). However, more recent studies
suggest that the picture is more complicated; subDLAs appear to arise in the vicinity of more
massive galaxies than DLAs (Kulkarni et al., 2010).

The redshift distribution of absorbers has been analysed by several studies. One may use
these to get an upper bound on the number of galaxy haloes one can expect to disturb the
redshift drift experiment. In addition, the line width doppler parameter can be linked to the
galaxy mass. In combination with an estimate of transverse peculiar velocities, one may ascertain
the lensing effect on the results of the test.

5.4 Gravitational Lensing by Absorbers

When the line of sight to a background source passes a moving lens, the change in the gravi-
tational field has the effect of changing the wavelength of the light (Birkinshaw & Gull, 1983;
Birkinshaw, 1989; Pyne & Birkinshaw, 1993). What I have recognised here is that Lya ab-
sorbers, and in particular, galaxy haloes, have the potential to shift the absorption lines in the
quasar Lya forest. Since the signal that will be searched for during the Cosmological Redshift
Drift Experiment is weak, one must consider whether the lensing effect will overpower the signal.

The change in wavelength, as a result of the Birkinshaw & Gull effect, occurs in the rest
frame of the lens. After the light photon leaves the vicinity of the lens, it continues to be
cosmologically redshifted by the expanding scalefactor. Any further interactions with moving
lenses will occur after some cosmological redshifting, so the effect is compounded.

Therefore I can determine what the effect is for a single photon that passes the vicinity of a
series of lenses, each of which have some non-zero transverse peculiar velocity. I then consider
how this effect varies for a photon observed now and then a decade later. Therefore one must
also consider how the transverse peculiar velocity of the lens/absorber changes during that time;
in other words, one must consider any transverse peculiar acceleration.

5.5 Ly-a absorbers in motion: consequences of gravitational
lensing for the cosmological redshift drift

The following paper:
Ly-a absorbers in motion: consequences of gravitational lensing for the cosmological redshift

drift
Killedar M., Lewis G. F., 2010, MNRAS, 402, 650
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is concerned with the effects of gravitational lensing on the potential to conduct a future direct
cosmological test, that is the redshift drift experiment. The analytical results were developed in
collaboration with Geraint Lewis; the text was my own.
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ABSTRACT

The evolution of the expansion rate of the Universe results in a drift in the redshift of dis-
tant sources over time. A measurement of this drift would provide us with a direct probe of
expansion history. The Lyman o (Lyco) forest has been recognized as the best candidate for
this experiment, but the signal would be weak and it will take next generation large telescopes
coupled with ultrastable high-resolution spectrographs to reach the cm s~! resolution required.
One source of noise that has not yet been assessed is the transverse motion of Ly« absorbers,
which varies the gravitational potential in the line of sight and subsequently shifts the positions
of background absorption lines. We examine the relationship between the pure cosmic signal
and the observed redshift drift in the presence of moving Ly« clouds, particularly the collapsed
structures associated with Lyman limit systems and damped Ly« systems. Surprisingly, the
peculiar velocities and peculiar accelerations both enter the expression, although the acceler-
ation term stands alone as an absolute error, whilst the velocity term appears as a fractional
noise component. An estimate of the magnitude of the noise reassures us that the motion of
the Lyo absorbers will not pose a threat to the detection of the signal.

Key words: gravitational lensing — methods: analytical — intergalactic medium — quasars:
absorption lines — cosmology: theory.

1 INTRODUCTION

The large-scale homogeneity and isotropy of the Universe is en-
compassed in Friedmann-Lemaitre—Robertson—Walker geometry
(see Hobson, Efstathiou & Lasenby 2006 for further details). One
of the key aspects of this cosmology is the evolution of the scale-
factor, R(¢); modern cosmology aims to characterize this evolution,
distinguish between competing cosmological models and predict
the fate of the Universe. Observationally, this has been a rather dif-
ficult science, with so-called standard candles and standard rulers
playing leading roles in indirect measurements. Sandage (1962)
recognized that a direct detection of the evolution of the expansion
rate was, in theory, possible; just as the cosmological redshifts of
extragalactic objects in all directions are a consequence of isotropic
expansion, a positive or negative drift in the redshift of a single
object over time would indicate acceleration or deceleration with
respect to the observer. The redshift drift is very small, but as we
head towards an era of cm s~! resolution spectroscopy, the prospect
of detection becomes very real. In addition to identifying the ap-

*Research undertaken as part of the Commonwealth Cosmology Initiative
(www.thecci.org), an international collaboration supported by the Australian
Research Council (ARC).

tE-mail: m.killedar@physics.usyd.edu.au (MK); gfl@physics.usyd.edu.au
(GFL)

propriate instrumentation and spectroscopic techniques required, it
is crucial to account for any systematic biases and consider if any
source of noise may hinder the detection of the cosmic signal. Pre-
vious studies have covered some of this ground but the potential for
the transverse motion of Lyman « (Lya) clouds to hide this signal
remains yet unexplored. In the present paper, we aim to address
this issue and estimate the magnitude of the bias or noise that is
introduced.

In Section 2, we review the current cosmological paradigm along
with relevant observational tests. We rederive the expression for the
cosmic signal being sought in Section 3. In Section 4, we introduce
the transverse moving-lens effect. We derive the expression for the
observed redshift drift in the presence of Lyx clouds in Section 5
and discuss the results in Section 6.

2 BACKGROUND

The linear correlation between the recession velocities and lumi-
nosity distances of galaxies within a few Mpc was first discovered
by Hubble (1929).! This result, the first Hubble diagram, set the
observational precedent for the notion of an expanding Universe,

! There were large systematic errors in Hubble’s distances, and the scales
probed were rather small; nevertheless, the result was fundamental to the
acceptance of the expanding Universe hypothesis.

© 2009 The Authors. Journal compilation © 2009 RAS
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at a time when a static Universe was philosophically favoured.
More recently, two independent measurements of the luminosities
of ‘standard candle’ Type Ia supernovae (SNIa) by Riess et al.
(1998) and Perlmutter et al. (1999) have revealed that, assuming
a metric theory of gravity, the Universe is currently undergoing a
period of acceleration (Shapiro & Turner 2006), and there is evi-
dence for past deceleration beyond a transition redshift of z ~ 0.5
from Hubble Space Telescope (HST) observations of high-redshift
(0.2 < z < 1.6) SNIa (Riess et al. 2004).

Whilst deceleration is expected in a matter-only universe, recent
acceleration requires a ‘dark-energy’ component. To uncover the
underlying physical cause of the acceleration, it is necessary to
map out the evolution of the scalefactor; the functional form is
characterized by the relative densities (in units of the critical density
) of the various matter—energy components of the cosmological
fluid Qx o, where X may be one of r (radiation), M (matter), dark
energy or k (curvature) and the subscript O denotes the current
values. The growing evidence points towards a flat universe that is
currently dominated by a cosmological constant, A (a ‘dark-energy’
component with an equation of state w = —1), a subdominant
pressureless dark matter component and a small amount of baryonic
matter.

The expansion rate is normalized by its value today, i.e. the Hub-
ble constant: Hy = 1004 km s~! Mpc~'. The HST Key Project
has combined several independent distance methods, establishing
the most accurate measurement as Hy = 72 & 8 km s~' Mpc™!
(Freedman et al. 2001). This is in good agreement with the cur-
rent best estimates for the values of the cosmological parameters:
Qmo =027, Qa0 =0.73 and & = 0.71, based on observations of
the cosmic microwave background (CMB) radiation by the Wilkin-
son Microwave Anisotropy Probe 5-year data (WMAPS; Komatsu
et al. 2009), SNIa (Kowalski et al. 2008, and references within) and
baryonic acoustic oscillations (BAOs; Percival et al. 2007) in the
galaxy distribution. Each of the measurements individually provides
constraints on various degenerate combinations of the parameters
in question; the Hubble parameter constraints are model dependent.

Whilst precision cosmology converges upon a concordance in the
parameters with complementary methods, the expansion remains an
underlying assumption upon which observed phenomena, such as
cosmological redshifts, are interpreted. Few direct tests are avail-
able to support this hypothesis. One observable consequence of
expansion is time dilation by a factor of (1 + z). Wilson (1939)
suggested the use of SNIa light curves as ‘cosmic clocks’, and the
results of high-redshift SNIa observations have confirmed the ex-
pansion hypothesis and excluded other models (Leibundgut 1996;
Goldhaber et al. 2001; Blondin et al. 2008). Another prediction
is the decrease in the surface brightness (SB) of galaxies with a
(1 + z)~* redshift dependence, independent of all other cosmologi-
cal parameters (Tolman 1930, 1934; Hubble & Tolman 1935). The
Tolman SB test has been performed in several studies, each con-
firming the expanding geometry. Pahre, Djorgovski & de Carvalho
(1996) and Lubin & Sandage (2001) rule out the (1 + z)~' depen-
dence expected by the alternative non-expanding tired-light model
at the 5o and 100 confidence level, respectively. Furthermore, the
temperature of the CMB is predicted to increase linearly with red-
shift: 7' cmp(z) = To(1 + z); the temperature at the present epoch has
been accurately determined to be Ty = 2.725 £ 0.002 K (Mather
et al. 1999). Atomic fine structure transitions identified in quasar
absorption spectra probe the CMB temperature at the absorption
redshift (Bahcall & Wolf 1968). This method generally provides
an upper limit to the temperature only, but the observations, which
cover redshifts up to z < 3 are consistent with the standard cos-

© 2009 The Authors. Journal compilation © 2009 RAS, MNRAS 402, 650-656
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mological model (e.g. Songaila et al. 1994; Srianand, Petitjean &
Ledoux 2000; Molaro et al. 2002, and references therein). Alter-
natively, the CMB temperature can be estimated at the redshift of
galaxy clusters by observing the thermal Sunyaev-Zel’dovich effect
(Fabbri, Melchiorri & Natale 1978; Rephaeli 1980); measurements
using this method have been carried out for clusters at a range of
redshifts 0.02 < z < 0.6, again finding the redshift dependence to
be consistent with an expansion hypothesis (Battistelli 2002; De
Petris et al. 2002; Luzzi et al. 2009).

Redshift drift is a direct probe of the dynamics of expansion, as
the Hubble parameter H(z) is measured at particular redshifts. It
allows a unique insight into the validity of our cosmological model,
sometimes with complementary observations. For example, by char-
acterizing the redshift dependence of the drift, the experiment
can constrain evolving dark-energy models (Corasaniti, Huterer &
Melchiorri 2007) and map the equation of state (Lake 2007), al-
though many-parameter dark-energy models are harder to constrain
(Balbi & Quercellini 2007). If we live in a ACDM universe, the
Chaplygin gas model (Kamenshchik, Moschella & Pasquier 2001)
and interacting dark-energy model would be rejected at high confi-
dence (Balbi & Quercellini 2007), but the Lemaitre—Tolman—Bondi
(LTB) void models would be ruled out even earlier (Quartin &
Amendola 2009). Furthermore, when combined with luminosity
distance data, the redshift drift experiment provides a test of the
Copernican principle (Uzan, Clarkson & Ellis 2008b) and an in-
dependent measurement of spatial curvature (Nakamura & Chiba
1999).

Many of these tests rely on accurate measurements of the drift,
and detection alone is only possible with next generation large tele-
scopes. All systematic biases and sources of noise must, therefore,
be identified and the threat they pose to the detection must be quan-
tified. With this in mind, we examine one such threat: the changes
to observed redshifts of objects caused by the transverse motion of
Ly« clouds.

3 THE COSMIC DECELERATION SIGNAL

The general form for the redshift drift dependence on redshift and
the expansion rate was originally derived by McVittie (1962, see
equation 4A). We briefly rederive it here.

The Hubble parameter is defined in terms of the scalefactor and
expansion rate:

R()
H() = ——.

R(1)
The cosmological redshift of an emitter is related to the ratio of the
scalefactors at emitter and observer:

_ R@)
I1+z= RO’

where 1, is the time of observation and ¢ the time of emission.

As an aside, the cosmological fluid components appear in the
redshift dependence of the Hubble parameter as derived from the
cosmological field equations. The expression is given by:

H(z) = Hy \/QM,()(I + 23 + Qa0 + Qo1 +2)%,

where we neglect radiation and assume dark energy to be in the
form of a cosmological constant.
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Consider now the redshift after some time interval, when the
scalefactors have evolved at both emitter and observer:
R(to + Atp)
R(t + A1)
_ R(t0) + R(to) Aty
" R+ R(O)AT
—(+2) 1+ H(ZU)A[O
1+ H@)At
= (1 +2)(1 + HyAty — H(z)At).
The scalefactors have been expanded to the first order in Az. The
Hubble parameter at the time of observation is relabelled: H, =
H(t), whilst the Hubble parameter at emission is expressed in terms
of the redshift of the emitter, rather than the zime of emission, i.e.
H(z) rather than H (). Subtracting to obtain the change in redshift:

Az = (1 + 2)[HoAty — H(z)At].

l+z4 Az =

If both emitter and observer are at rest in comoving coordinates,
then time intervals in their respective frames are related by

Aty = At(1 +2),

and thus we obtain the expression for the redshift drift:

Az =[1+2z— EQ@)]HyAl, O]
where

E(z) = H(z2)/Hy.

The exact functional form is dependent on the equation of state
and density of the cosmological fluid components, but an order of
magnitude estimate

At
AZ%IXIUWM1+Z—EQH<‘£)
yr

using the density parameters determined from WMAP5+BAO+
SNIa and evaluated, for example at z = 3, gives an estimated cosmic
signal of |Az| ~ 4 x 107°, or Av ~ 3 x 1072 m s™!, per decade
between epochs of observation.

Sandage (1962) acknowledged that the required spectral resolu-
tion (~1 cm s~! per decade cadence) was beyond the capabilities
of the instrumentation of that generation. The redshift drift and
its potential to constrain cosmological parameters have been stud-
ied within the contexts of various cosmological models (Ebert &
Triimper 1975; Riidiger 1980; Lake 1981), but without hope of
detection.

3.1 The new challenge

Loeb (1998) identified the Ly« forest as the best candidate for a red-
shift drift experiment. The Ly« forest is a phenomenon observed in
the spectra of quasars as a series of absorption lines bluewards of
the quasar Ly emission line, each at a rest wavelength of Ay, =
1216 A. The absorption lines are fingerprints of intervening neutral
hydrogen clouds. Although absorbers may lie anywhere between
the observer and the quasar, they are not detected or distinguishable
below a certain redshift cut-off; the reasons are two-fold. Quasar
spectra are usually observed by ground-based optical telescopes, but
low-redshift absorption lines lie in the ultraviolet, so only absorbers
at z > 1.7 are detected.? Contamination by the Ly emission line

2 Although space-based ultraviolet spectrographs may detect the low-
redshift Ly« forest, they would not have the stability required for such
an experiment; the ultrastable high-resolution instrumentation is necessarily
ground based.

(Ayp = 1025 A), and the associated Lyp forest, causes confusion
below 1 + z = (1 + 2z4) Aryp/ALye. The redshift range thus probed
with this experiment does not include the current acceleration phase.
The Ly forest supplies a large sample of spectral lines at high red-
shift, so while the linewidths are relatively large (~20 km s~!) and
the cosmic signal weak, the sheer number density of lines per red-
shift bin should yield the necessary statistical accuracy. Loeb found
that existing spectroscopic techniques, such as those employed in
extrasolar planet searches, could produce a marginal detection.

This experiment has become one of the science drivers for
next generation 30-60 m extremely large telescopes (ELTs). The
instrumental challenges for the COsmic Dynamics EXperiment
(CODEX) spectrograph proposed for the European-ELT have been
discussed by Pasquini et al. (2005), Murphy et al. (2007) and
Corasaniti et al. (2007); the latter finds CODEX capable of de-
tecting the redshift drift in the Lyo forest over ~10 yr. Liske et al.
(2008, hereafter L08) conducted an extensive study into the feasi-
bility of detection with a 42-m ELT, concluding that ~4000 h of
observing time over a 20 yr interval would reveal the redshift drift
at a ~3o0 significance.

But before the search for a weak signal such as this is under-
taken, all possible systematic biases and sources of noise must be
accounted for. Peculiar accelerations of the Ly« clouds or their as-
sociated galaxies present perhaps the most obvious obstacle. The
magnitude of the noise has been studied by Phillipps (1982), Lake
(1982), L08 and Uzan, Bernardeau & Mellier (2008a); after some
initial controversy, the accelerations were determined to have little
impact on the signal.

The noise from galactic feedback and optical depth variations
was evaluated by LO8 and found to have a negligible effect. LO8
also noted that the evolution of gravitational potential wells in the
line of sight was a source of error not yet accounted for. We identify
Ly« absorbers to be culprits; the positions of absorption lines may
be shifted by foreground Lya clouds, which are effectively weak
lenses with non-zero transverse velocities.

4 TRANSVERSE MOVING LENSES

As light passes near a massive object, it is gravitationally lensed,
but if the lens gravitational potential field varies during the time of
passage, the light experiences a net redshift or blue shift. This leads
to the well-known Rees—Sciama effect (Rees & Sciama 1968) in the
context of a collapsing galaxy cluster lens; a similar phenomenon
occurs when a (non-evolving) lens moves across the line of sight.
Birkinshaw & Gull (1983) were the first to describe how lenses
with transverse relativistic peculiar velocities asymmetrically dis-
tort background emission, and the general relativistic treatment was
later developed by Pyne & Birkinshaw (1993).

This effect (hereafter the BG effect) has garnered attention largely
in the context of galaxy clusters moving across the sky, induc-
ing secondary anisotropies in the CMB brightness temperature
(Birkinshaw & Gull 1983; Birkinshaw 1989; Aghanim et al. 1998).3
The influence of cluster lens transverse motion on weakly and
strongly lensed background galaxies has also been investigated
(Molnar & Birkinshaw 2003).

The induced change in wavelength by the BG effect is propor-
tional to the lens velocity and deflection angle. For a given lens
speed, the magnitude of the change in wavelength is maximized if

3 The induced CMB anisotropy derived by Birkinshaw & Gull (1983) was
incorrect by a factor of two. This was corrected by Birkinshaw (1989).
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the lens is moving in the plane of the sky and towards (or away
from) the image of the background source. For the purposes of this
study, we need only consider this special case. We thus have

SA
A

v
=, @
C

where v is the lens speed, y is the Lorentz factor associated with
the total lens velocity and & is the deflection angle. This manifests
as a change in the observed redshift
SA
Az| = (1 +z)|—
7| = +z) ; ‘

v

= +z)y-4a, L)
c

where z; is the source (not lens) redshift. It is useful to consider the

order of magnitude of the redshift:

v &
(1000 kms~!) 1 arcsec’

Az| ~ 1.6 x 10781 4 z)y

A typical cluster lens (v ~ 1000kms™", & ~ 30 arcsec) can change

the redshift of a source at z ~ 3 by Az ~ 2 x 107% or Av ~
150 m s~!, while a galaxy lens may produce an effect an order of
magnitude smaller.

In this paper, we interpret Lya absorbers as a series of numerous
moving lenses and consider the impact of all foreground absorbers
on the observed wavelengths of absorption lines from more distant
Ly« clouds. In the context of the redshift drift, however, we must
determine the differential BG effect, i.e. how the shift in the observed
wavelengths at the second epoch of observation compare to the shift
at the first epoch. Thus we will consider the transverse accelerations,
a,, as well.

5 THE EFFECT OF LYMAN « CLOUDS ON
THE OBSERVED REDSHIFT DRIFT

We consider here the dynamic nature of Lyx clouds and how, as
lenses, they can affect the redshift drift observed over some time
interval. The expression we will derive below is parametrized by
the cadence between observations, the number of Ly« absorbers,
their peculiar velocities and accelerations as well as the deflection
angle they induce.

5.1 Ly« clouds

Ly« clouds are typically distinguished by their neutral hydrogen
column densities, Ny, in units of cm~2. Beyond log(Ny) = 17,
the optically thick nature of the absorbers results in a discontinuity
at (bluewards of) 912 A (rest frame); these absorbers are classified
as Lyman limit systems (LLSs). Clouds with log(Ny;) 220 exhibit
damping wings about the absorption line profile leading to large Ly
equivalent widths; these are labelled damped Lyo systems (DLAs).

The exact nature of these absorbers is somewhat a mystery [see
Rauch (1998) for a review]. Low column density absorption occurs
in filamentary or sheet-like structures of scalelengths of 0.1-1 Mpc;
LLS absorbers are identified with the outer haloes of spiral and
elliptical galaxies, whilst DLAs occur in spiral discs or the haloes
of low-mass galaxies. The lensing effect of DLAs (and other types
of systems such as those identified by metal lines) is significant
enough to introduce a magnification bias and push quasars over
magnitude thresholds (Bartelmann & Loeb 1996; Ménard 2005).
‘We must, therefore, consider whether the BG effect associated with
these absorbers is significant.
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The galaxy haloes and discs responsible for LLSs and DLAs are
overdense and therefore result in higher peculiar accelerations, as
recognized by Loeb (1998). LO8 thus excluded them from their
analysis, modelling only the low column density Ly« forest and
removing the portions of the spectra blocked out by DLAs from real
spectra. This does not mean that quasar spectra that contain LLSs
and DLAs are excluded from the redshift drift experiment. Indeed,
each line of sight may include low-redshift LLSs and DLAs hidden
outside the observed bandwidth; in fact, these play an important
role in the present study.

5.2 Velocities of lenses

Previous studies have provided insight into the peculiar motions
of Lyx clouds. Rauch (2005) measured the velocity shear between
pairs of absorbers common to multiple images of gravitationally
lensed quasars; their lines of sight are close together. Their re-
sults indicate that while the large-scale motions correspond to the
Hubble flow, there is tentative evidence for the clouds undergoing
gravitational collapse. LO8 used hydrodynamic simulations of the
intergalactic medium (IGM) to determine the peculiar motions of
Lya absorbers. They find that the distribution of peculiar veloci-
ties peak at vpee ~ 190-200 km s~ for gas at 2 < z < 4 with an
approximate dispersion of o, ~ 80km s

A single high-velocity cloud that is present in the line of sight,
with absorption taking place at an impact parameter of 1 kpc from a
10" M@ galactic halo (v ~ 300 km s™!, & ~ 4 arcsec), could alter
positions of background absorption lines at redshift z by as much as
Az ~2 x 1078 (1 + z). This is indicative of the BG effect as can
be expected from the high column density absorbers, such as LLSs
and some DLAs.

The lower column density absorbers are associated with filamen-
tary structures, although overdense knots will move along these,
as seen in cosmological N-body simulations. In this context, equa-
tion (2), which strictly assumes a compact lens, would require an
additional term to compensate for the extended shapes of the over-
densities, rendering the BG effect less pronounced. The BG effect
here may also arise from galaxy clusters that lie at the ends of
the associated filaments. A moderate-sized cluster (103 Mgp) ata
distance of 1 Mpc and with reasonable velocity (v ~ 300 km s~')
could potentially alter the observed redshifts by Az ~ 2 x 10~°
(1 + z). To ascertain whether this poses a threat to the detection of
the cosmic signal, we must include the effect in the derivation of
the observed redshift drift.

5.3 Time interval between observation epochs

The duration of the interval between observations of quasar spectra
has by far the largest impact on the chance to detect the cosmic
signal. The chosen cadence must clearly be large enough to allow
for some appreciable evolution in the scalefactor (over all redshifts
2 <z 55). We will, however, still have HgAty < 1 and Az < z. By
combining the signal from ~100 uncorrelated quasars, the signal
may be detected over only Azy ~ 10-20 yr (Loeb 1998; Corasaniti
et al. 2007; Liske et al. 2008). These intervals are proposed in the
context of spectrographs mounted on 30-60 m ELTs proposed for
the near future.

5.4 The observed redshift drift

Here, we derive the observed redshift drift over some time interval
and compare this to the drift resulting purely due to cosmic decel-
eration. Fig. 1 shows how the wavelength of a photon varies as it
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Figure 1. Light from a distant quasar (right-hand side), emitted at rest wavelength A, travels through many Ly« absorbers (three shown here), before reaching
the observer (left-hand side) at the observed wavelength Aqps. Each absorber, i, is also a lens with some non-zero transverse velocity (up or down the page)
and thus each induces a change in the wavelength, §1;, in the frame of the observer. A photon is cosmologically redshifted as it travels between two adjacent

clouds (see equation 4).

travels from a distant source to an observer being lensed by moving
Lya clouds along the way. We have 0 < z; < z; < z, fori < j,
although we are not particularly concerned with the redshift of the
source quasar nor the wavelength of the photon upon emission, A,.
We are, instead, interested in the redshift of an absorption line with
rest wavelength A;, observed at Aqps.

Each photon (or absorption line) is redshifted or blueshifted in
the frame of a stationary observer upon passing a Lya cloud with
some non-zero transverse velocity; the photon enters the cloud at A
and exits at A + JA, where the small shift is given by equation (2).
Absorption occurs in the rest frame of the cloud; therefore, in the
stationary frame (though at the same redshift), the absorption line
is shifted in the same manner. For brevity, we denote

A=A+ 68A.
When faced with the situation where the observed wavelength of
any emission can be altered by some means other than expansion,

we must distinguish between the frue redshift, z*, and that which is
observed, z°. The true redshift is given by

R(t9)
1+z7" =
© TR0
while the observed redshift is defined as:
)"obs
1 vobs — .
+z 5
As the photon travels from cloud j (or the source quasar) to the next
cloud j — 1 (or observer), it is redshifted as a result of the difference

in scalefactors at the two clouds. Thus, the (true) redshifts of the
two clouds are related by

1+25 A
L+z5, A
We recognize that the true redshift of the Nth cloud is the product of
the ratios of scalefactors at consecutive pairs of foreground clouds,
and so

“

1+2y

I
—.
=|F

N
~ (1_,’_1;)\}:5) |:1_Z 5)fni:| , 5)

since §A < A. We have defined Ao = Ayp,. After some time interval
Aty (in the observer rest frame), the true redshift has evolved to be:

Ry + Ry Aty
Ry + Ry Aty
| 4+ HyAty
1 + H(z}) Aty
~ 1+ 2y + HoAt[1 + 2y — E(Z)], ©)

I+2zy+Azy &~

=(1+2z3)

where Aty denotes the time passed in the rest frame of the N
cloud:

At() = AtN (1 +Z;V) .
‘We observe a drifted redshift, analogous to equation (5):
L+zy+Azy = (1420 + A (1 =8 — (1423°) Sar, (D

where the summations are denoted thus:
N

8}\.,’
s=> »

i=1

N
SA[ = Aty &&‘
2%

with ay; the tangential peculiar acceleration of the ith Lyx cloud.
Any change in the deflection angle is dependent on the mass profile
of the cloud and vanishes in the case of a singular isothermal sphere.
In any case, the impact parameter changes by only a fraction of a
parsec so we neglect this term.

We subtract the observations at the two epochs to find the ob-
served drift rate, i.e. equate equations (6) and (7) and subtract equa-
tion (5):

HoAt [1+ 2y — E (23)] = Az (1 =) = (1 +23°) Sarr (8)

As a sanity check, if we neglect the effect of all clouds, we recover
the McVittie expression (equation 1).

5.5 The magnitude of the noise

Equation (8) describes how the observed redshift drift after a time
interval At differs from the drift expected purely due to the evolu-
tion of the expansion rate. The peculiar velocities of each absorber
lens are contained within the summation S; even in the absence of
peculiar acceleration, the velocities will affect the observed magni-
tude of the redshift drift by entering the expression as a fractional
offset. The accelerations are contained within the summation S,,,
which stands alone as an absolute error. Below, we estimate the
order of magnitude of these effects.

Each term in S and S, may be positive or negative depending on
the direction of motion and acceleration of the Ly« cloud. Thus the
uncertainties are in the form of noise, rather than a systematic bias;
they are the result of a random walk. We would expect the noise to
increase with absorption line redshift as there would be more lenses
in the foreground.

The denser absorbers, such as LLSs, may produce deflection
angles of at most a few arcseconds, and at speeds of v ~ 300 km s~
would dominate S with Ax/A ~ 1078, although we are unlikely
to find more than one or two in a single quasar spectrum. Even if
we coupled the high column density absorbers with the expected
large number of low column density absorbers (~1000 per line

© 2009 The Authors. Journal compilation © 2009 RAS, MNRAS 402, 650-656

82



of sight), and coincidentally aligned the directions of motions, we
would still find ’S ‘ <« 1. If S was non-negligible, the net result

would depend on how the lines are binned for the experiment. If the
binned absorption lines come from one spectrum only, then S for
each line will be highly correlated, and a strong bias will be present.
However, if multiple spectra are observed for the same experiment,
which is likely to be the case, the value of S for each spectrum
would be independent, even for a particular redshift bin, and thus
the effect would still average out.

L08 also plotted the narrow distribution of peculiar acceleration
of the IGM within hydrodynamic simulations, establishing a tight
peak at apec ~ 107! cm s72. Again, coupling this acceleration with
a large deflection angle of a few arcseconds, a large number density
(~1000) and a time interval of 20 yr between epochs of observation,
we find So, ~ 1071, Though this appears as an absolute error in
the measurement, the redshift drift expected is Az ~ 1071°, many
orders of magnitude larger. Again, binning within a single spectrum
can amplify this offset, but the use of multiple spectra renders the
offset small again, leaving the signal unaffected.

6 CONCLUDING REMARKS

The redshift drift experiment has been recognized as a direct test
of the cosmic expansion, and carries with it the potential to inde-
pendently constrain cosmological parameters and distinguish be-
tween evolving dark-energy models. The proposed next generation
of ELTs and ultrastable high-resolution spectrographs make the de-
tection of the cosmic signal possible in the near future. However,
as the signal is weak, it is necessary to account for all possible sys-
tematic biases and sources of noise. One source of noise that has,
until now, remained unexplored is the variation in the gravitational
field due to the transverse motion of Ly« absorbers. In this pa-
per, we have examined this effect and characterized and quantified
the noise introduced to the signal. To summarize, we find that the
peculiar velocities and accelerations of the Ly clouds both enter
the expression relating the observed redshift to the cosmic signal
as noise terms; the former introduces a fractional offset, the latter,
absolute. The evolution of the gravitational potential wells in the
line of sight due to transverse motion of the Lyo absorbers will not,
in fact, introduce significant noise or bias into the detection of the
cosmic signal.

We consider now whether this is the final word on evolving
gravitational fields. Ly« absorbers were the most obvious source
of foreground interference; they, by definition, intersect the line
of sight. Galactic haloes at impact parameters of 1-20 kpc are
thought to produce the rarer absorption effects, such as LLSs and
DLAs; these have been the extreme cases studied in this work.
Estimates of the frequency and redshift distribution of these objects
are hindered by reddening, which can dim quasars and exclude
them from flux-limited samples, although the magnification bias
can counteract this effect. Both effects can be expected, particularly
if the absorbers are massive galaxy haloes at low impact parameters.
The resulting evolution of the gravitational field within the filaments
and sheets associated with the low-density Ly« forest is difficult to
study analytically. The filaments feed into more massive structures,
such as galaxy clusters, with absorption taking place at impact
parameters of ~1 Mpc. The transverse peculiar motion of such
objects will have a similar ‘moving-lens’ effect, the rarity of which
has not been assessed. Their presence may not be noticed in the
quasar spectra, though perhaps in direct imaging (at least at low
redshift). Further studies using dark matter simulations will probe
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the expected motions of all mass scales in the vicinity of the line
of sight to distant quasars, allowing the determination of the full
influence of the BG effect in future redshift drift experiments; this
will form the basis of future contributions.
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Chapter 6

Conclusions and Future Work

What are we going to do tomorrow night?

- Pinky (Pinky and the Brain)

Gravitational lensing is a double-edged sword. The statistics of distinctive lensing features
such as multiple imaging, distortion and magnification of background sources can form the ba-
sis of cosmological predictions. Conversely, the expected fluxes and redshifts of sources can
be affected by gravitational lensing, leading to biased results if the effect is not accounted for.
Investigations of a selection of these predictions have been the focus of this thesis. In the fol-
lowing chapter, I summarize the achievements of the present work and suggest future directions
to extend these results.

Cluster Lensing: The triaxial shape of galaxy clusters generates an orientation depen-
dence on the cross section for multiple-imaging. For the first investigation of this work, I ran
a set of GADGET-2 simulations and identified seven galaxy cluster-sized haloes with masses of
~ 10 M. These were analysed and a large number of orientations sampled in order to construct
the multiple imaging cross section oy and its probability distribution. The mass in the vicinity
of the cluster includes filaments that feed galaxy clusters and merging objects, both of which are
known to be preferentially aligned with the cluster major axis. Surprisingly, I found that they
do not appear to affect the efficiency for multiple imaging. Nor do they enhance the orientation
dependence for this cross section. While a single source redshift was used throughout this work,
a self-consistent comparison with upcoming surveys may be made with mock observations that
mimic the same imaging constraints, such as magnitude cutoff, limited spatial resolution and
noise. These could include a realistic source redshift distribution and extended sources (for com-
parison to galaxy sources, rather than quasars). Mandelbaum et al. (2009) have found minor
changes to strong lensing selection biases when they invoke a magnification bias; future studies
of oy could impose a source luminosity distribution and flux limit, or perhaps simply impose
a magnification cut-off for the second brightest image and a minimum separation to ensure the
images are resolved. By modelling the emission in various wavebands from these clusters, one
may even mimic the selection biases associated with X-ray or SZ selected clusters. Substructure
supposedly has negligible effect on the strong lensing efficiency. Yet microlensing studies have
long since recognised that substructure can change the flux ratios of multiple images. Although
generally studied on galaxy scales, the same applies to clusters. It stands to reason that while the
positions and ‘theoretical’ existence of multiple images is unaffected by cluster substructure, the
chance that the images are brighter than the observational magnitude limit is. The simulations
used throughout this work have modelled the evolution of dark matter only. On cluster scales,
there is much uncertainty regarding the effect of gas physics on the structure. Recent studies
have demonstrated that baryon cooling can increase the frequency of multiple-imaging by up to
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30% depending on the image separation and source redshift (Wambsganss et al., 2008). A com-
parison between the results presented here and those that use a sample of clusters simulated in
the environment where stellar and AGN feedback and cooling mechanisms play a role will make
clear how strong lensing cluster surveys should be interpreted in terms of these parameters. In
addition, self-interacting dark matter models predict the largest deviation from the standard
cold dark matter model in regions of high density, such as cluster cores (Spergel & Steinhardst,
2000). Simulations that include a self-interaction term produce clusters with less concentrated
cores and smaller optical depths to multiple imaging, albeit larger magnifications (Wyithe et al.,
2001). Thus, strong lensing observations are well-placed to constrain the self-interaction cross
section, but the effect of triaxiality has not yet been studied. I therefore propose to conduct
further investigations into multiple imaging statistics with simulated clusters that include the
footprint of gas physics and self-interacting dark matter.

Raytracing: Modelling the magnification probability distribution of background sources
due to weak gravitational lensing relies on the application of ray-tracing methods. In the second
study, this work has taken the first steps towards making a direct comparison between the
predictions of the multiple lens-plane ray-bundle method (RBM) and one that does not apply
the thin-lens approximation; instead, the null geodesic is integrated. The behaviour of the ray-
bundles in the vicinity of a Schwarzschild lens demonstrated that the method can reproduce large
magnifications given sufficient spatial resolution. A range of tests were able to pin down the
numerical parameters that play a critical role in the predicted statistics. This method presents a
computational challenge as the three-dimensional FFTs prove memory-expensive, but is justified
by the need to quantify the multiple lens-plane approximation. The weak lensing statistics
predicted by ray-tracing through simulated cosmological mass distributions found significant
differences compared to the results from the original RBM approach. One of the reasons is that
structure below 50 kpc/h scales could not be represented on the Fourier-grid used. Small-scale
structure can be probed in future studies given either longer computational times or memory.
However, the effect of shot-noise in the standard RBM method is identified as another possible
reason for the discrepancy. To clarify the dominant factor, a multiple lens-plane ray-bundle
method that applies a two-dimensional Fourier-method at each lens-plane is proposed as the
next step towards the direct comparison. It has recently been demonstrated that flexion can
be modelled using a ray-bundle method (Lasky & Fluke; in prep.). This presents an exciting
future application of the method to higher-order statistics, but surely it is even more necessary
to justify the use of the multiple lens-plane formalism.

Redshift Drift Experiment: Finally, [ have drawn attention to a source of potential
biases that gravitational lensing may impose on a future experiment that has strong implications
for direct testing of cosmological expansion. The redshift-drift experiment will be an ambitious
project which will use state-of-the-art high-resolution spectroscopy from CODEX proposed for
the E-ELT. A significant detection will require a few thousand hours of observing time over a few
decades. That said, the potential to directly detect expansion in a redshift range rarely probed,
namely 2 < z < 5, makes it a unique opportunity to constrain cosmological models. Specifically
several dark energy models will be constrained well and the Copernican principle will be tested.
It has its limitations, however. For example, f(R) gravity models cannot be constrained well
given the redshift range probed. Given the weak nature of the detection, it’s vital to be aware of
all possible biases. In the present work, I have looked at gravitational lensing by the foreground
absorbers (particularly those that arise in the vicinity of massive galaxies) and the danger they
pose. Massive galaxies that move across the line of sight, with significant peculiar velocity
would change the wavelength of light from background spectral lines (Birkinshaw & Gull, 1983),
effectively changing the observed redshift. And any peculiar acceleration will lead to shifts that
could change over the decade of observation. The effect is small, but so is the cosmic signal. By
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constructing an analytic expression that includes the effect of gravitational lensing, I found that
the combined effect of foreground absorbers is not linear; however, a rough estimate for the error
is orders of magnitude below the expected cosmological signal. These results have informed the
more recent works of Jain & Jhingan (2010), which judge how well cosmological parameters
will be constrained by the redshift drift experiment. Even though gravitational lensing will not
overcome the cosmic signal, it is not clear if it will affect the ability to distinguish between
dark energy models, since the spectral resolution required would be even greater. In future
studies, one may also make more self-consistent predictions of the gravitational lensing effect
using hydrodynamical simulations by coupling mock quasar spectra with the foreground mass
that affects each spectra individually, whether that mass is associated with an absorption line
or not. On a more practical note, the recent release of the US Decadal Survey has put the large
telescopes (GMT and TMT) behind other projects, which means the E-ELT bears a greater
weight of responsibility for opening the door to a range of studies that require the advanced
capabilties of large telescopes, such as the redshift drift experiment.

87



Bibliography

Aarseth, S. J., Turner, E. L., Gott, III, J. R. 1979, ApJ, 228, 664
Abazajian, K. N., et al. 2009, ApJ Submitted, 182, 543

Adams, M. T. Boroson, T. A. 1979, Nature, 282, 183

Ahmed, Z., et al. 2009, Physical Review Letters, 102, 011301

Allgood, B., Flores, R. A., Primack, J. R., Kravtsov, A. V., Wechsler, R. H., Faltenbacher, A.,
Bullock, J. S. 2006, MNRAS, 367, 1781

Altay, G., Colberg, J. M., Croft, R. A. C. 2006, MNRAS, 370, 1422

Aragén-Calvo, M. A., van de Weygaert, R., Jones, B. J. T., van der Hulst, J. M. 2007, ApJ
Lett., 655, L5

Babul, A. Lee, M. H. 1991, MNRAS, 250, 407

Bacon, D. J., Refregier, A. R., Ellis, R. S. 2000, MNRAS, 318, 625
Bahcall, J. N., Joss, P. C., Lynds, R. 1973, ApJ Lett., 182, L95+

Bailin, J. Steinmetz, M. 2005, ApJ, 627, 647

Balbi, A. Quercellini, C. 2007, MNRAS, 382, 1623

Bardeen, J. M., Bond, J. R., Kaiser, N., Szalay, A. S. 1986, ApJ, 304, 15
Barkana, R. Loeb, A. 2010, MNRAS, 405, 1969

Barnes, J. Hut, P. 1986, Nature, 324, 446

Bartelmann, M. 1995a, A&A, 299, 11

Bartelmann, M. 1995b, A&A, 303, 643

Bartelmann, M. 1996, A&A, 313, 697

Bartelmann, M., Huss, A., Colberg, J. M., Jenkins, A., Pearce, F. R. 1998, A&A, 330, 1
Bartelmann, M. Schneider, P. 1994, A&A, 284, 1

Bartelmann, M., Steinmetz, M., Weiss, A. 1995, A&A, 297, 1

Bartelmann, M. Weiss, A. 1994, A&A, 287, 1

88



Bayliss, M. B., Gladders, M. D., Oguri, M., Hennawi, J. F., Sharon, K., Koester, B. P., Dahle,
H. 2011, ApJ Lett., 727, L26+

Bekenstein, J. D. 2004, Phys. Rev. D, 70, 083509
Bertotti, B., Iess, L., Tortora, P. 2003, Nature, 425, 374
Bett, P., Eke, V., Frenk, C. S., Jenkins, A., Helly, J., Navarro, J. 2007, MNRAS, 376, 215

Birkinshaw, M. 1989, in Lecture Notes in Physics, Berlin Springer Verlag, Vol. 330, Gravitational
Lenses, ed. J. M. Moran, J. N. Hewitt, & K.-Y. Lo, 59—

Birkinshaw, M. Gull, S. F. 1983, Nature, 302, 315

Blandford, R. Narayan, R. 1986, ApJ, 310, 568

Blumenthal, G. R., Faber, S. M., Flores, R., Primack, J. R. 1986, ApJ, 301, 27
Borriello, A. Salucci, P. 2001, MNRAS, 323, 285

Bosma, A. 1978, PhD thesis, PhD Thesis, Groningen Univ., (1978)

Boyle, B. J., Fong, R., Shanks, T. 1988, MNRAS, 231, 897

Bradag¢, M., Allen, S. W., Treu, T., Ebeling, H., Massey, R., Morris, R. G., von der Linden, A.,
Applegate, D. 2008, ApJ, 687, 959

Brada¢, M., Lombardi, M., Schneider, P. 2004, A&A, 424, 13

Bradac¢, M., et al. 2009, ApJ, 706, 1201

Brainerd, T. G., Blandford, R. D., Smail, I. 1996, ApJ, 466, 623

Brans, C. Dicke, R. H. 1961, Phys. Rev., 124, 925

Brewer, B. J. Lewis, G. F. 2006, ApJ, 637, 608

Broadhurst, T., Huang, X., Frye, B., Ellis, R. 2000, ApJ Lett., 534, L15
Broadhurst, T., et al. 2005, ApJ, 621, 53

Broadhurst, T. J. Barkana, R. 2008, MNRAS, 390, 1647

Brown, M. L., Taylor, A. N., Bacon, D. J., Gray, M. E., Dye, S., Meisenheimer, K., Wolf, C.
2003, MNRAS, 341, 100

Brunino, R., Trujillo, I., Pearce, F. R., Thomas, P. A. 2007, MNRAS, 375, 184
Bryan, G. L. Norman, M. L. 1998, ApJ, 495, 80
Buchdahl, H. A. 1970, MNRAS, 150, 1

Bullock, J. S., Kolatt, T. S., Sigad, Y., Somerville, R. S., Kravtsov, A. V., Klypin, A. A.,
Primack, J. R., Dekel, A. 2001, MNRAS, 321, 559

Buote, D. A., Gastaldello, F., Humphrey, P. J., Zappacosta, L., Bullock, J. S., Brighenti, F.,
Mathews, W. G. 2007, ApJ, 664, 123

89



Capozziello, S. Fang, L. Z. 2002, International Journal of Modern Physics D, 11, 483

Carbone, C., Springel, V., Baccigalupi, C., Bartelmann, M., Matarrese, S. 2008, MNRAS, 388,
1618

Clowe, D., Brada¢, M., Gonzalez, A. H., Markevitch, M., Randall, S. W., Jones, C., Zaritsky,
D. 2006, ApJ Lett., 648, 1.109

Coe, D. 2010, arXiv:1005.0411

Coe, D., Fuselier, E., Benitez, N., Broadhurst, T., Frye, B., Ford, H. 2008, ApJ, 681, 814
Colberg, J. M., White, S. D. M., Jenkins, A., Pearce, F. R. 1999, MNRAS, 308, 593
Cole, S. Lacey, C. 1996, MNRAS, 281, 716

Cole, S., et al. 2005, MNRAS, 362, 505

Colin, P., Avila-Reese, V., Valenzuela, O. 2000, ApJ, 542, 622

Comerford, J. M., Meneghetti, M., Bartelmann, M., Schirmer, M. 2006, ApJ, 642, 39
Comerford, J. M. Natarajan, P. 2007, MNRAS, 379, 190

Cooray, A. R. 1998, arXiv:astro-ph/9807148

Corasaniti, P., Huterer, D., Melchiorri, A. 2007, Phys. Rev. D, 75, 062001

Couchman, H. M. P., Barber, A. J., Thomas, P. A. 1999, MNRAS, 308, 180

Crocce, M. Scoccimarro, R. 2006, Phys. Rev. D, 73, 063520

D. W. Pfitzner & J. K. Salmon, ed. 1996, Parallel halo finding in N-body cosmology simulations.
Dahle, H., Hannestad, S., Sommer-Larsen, J. 2003, ApJ Lett., 588, L73

Dalal, N., Holder, G., Hennawi, J. F. 2004, ApJ, 609, 50

Das, S. Ostriker, J. P. 2006, ApJ, 645, 1

de Blok, W. J. G., Bosma, A., McGaugh, S. 2003, MNRAS, 340, 657

de Blok, W. J. G., McGaugh, S. S., Bosma, A., Rubin, V. C. 2001, ApJ Lett., 552, L23
Dehnen, W. 2001, MNRAS, 324, 273

dell’Antonio, I. P. Tyson, J. A. 1996, ApJ Lett., 473, L17+

Dodelson, S. Widrow, L. M. 1994, Physical Review Letters, 72, 17

Dolag, K., Bartelmann, M., Perrotta, F., Baccigalupi, C., Moscardini, L., Meneghetti, M.,
Tormen, G. 2004, A&A, 416, 853

Dolag, K., Borgani, S., Murante, G., Springel, V. 2009, MNRAS, 399, 497
Doran, M. 2005, Journal of Cosmology and Astro-Particle Physics, 10, 11

Dubinski, J. Carlberg, R. G. 1991, ApJ, 378, 496

90



Duffy, A. R., Schaye, J., Kay, S. T., Dalla Vecchia, C. 2008, MNRAS, 390, .64

Duffy, A. R., Schaye, J., Kay, S. T., Dalla Vecchia, C., Battye, R. A., Booth, C. M. 2010,
MNRAS, 405, 2161

Dvali, G., Gabadadze, G., Porrati, M. 2000, Physics Letters B, 485, 208
Dyer, C. C. Roeder, R. C. 1972, ApJ Lett., 174, L115+

Dyer, C. C. Roeder, R. C. 1973, ApJ Lett., 180, L31+

Dyer, C. C. Roeder, R. C. 1974, ApJ, 189, 167

Dyson, F. W., Eddington, A. S., Davidson, C. 1920, Royal Society of London Philosophical
Transactions Series A, 220, 291

Ebeling, H., Edge, A. C., Henry, J. P. 2001, ApJ, 553, 668

Efstathiou, G., Davis, M., White, S. D. M., Frenk, C. S. 1985, ApJ Submitted, 57, 241
Einasto, J. 1965, Trudy Inst. Astrofiz. Alma-Ata, 51

Einasto, J., Kaasik, A., Saar, E. 1974, Nature, 250, 309

Eisenstein, D. J. Hut, P. 1998, ApJ, 498, 137

Eke, V. R., Cole, S., Frenk, C. S. 1996, MNRAS, 282, 263

El-Zant, A., Shlosman, I., Hoffman, Y. 2001, ApJ, 560, 636

Etherington, I. M. H. 1933, Philosophical Magazine, 15, 761

Falco, E. E., Gorenstein, M. V., Shapiro, I. I. 1985, ApJ Lett., 289, L1

Fedeli, C., Bartelmann, M., Meneghetti, M., Moscardini, L. 2007, A&A, 473, 715
Fedeli, C., Meneghetti, M., Bartelmann, M., Dolag, K., Moscardini, L. 2006, A&A, 447, 419
Fedeli, C., Meneghetti, M., Gottloeber, S., Yepes, G. 2010, ArXiv e-prints
Flores, R. A., Maller, A. H., Primack, J. R. 2000, ApJ, 535, 555

Fluke, C. J. 1999, PhD thesis, The University of Melbourne

Fluke, C. J., Webster, R. L., Mortlock, D. J. 1999, MNRAS, 306, 567

Fluke, C. J., Webster, R. L., Mortlock, D. J. 2002, MNRAS, 331, 180

Fort, B., Le Fevre, O., Hammer, F., Cailloux, M. 1992, ApJ Lett., 399, L125
Franx, M., Illingworth, G., de Zeeuw, T. 1991, ApJ, 383, 112

Freedman, W. L., et al. 2001, ApJ, 553, 47

Frenk, C. S., White, S. D. M., Davis, M., Efstathiou, G. 1988, ApJ, 327, 507

Fu, L., et al. 2008, A&A, 479, 9

Fukushige, T. Makino, J. 1997, ApJ Lett., 477, L9+

91



Fukushige, T. Makino, J. 2001, ApJ, 557, 533
Futamase, T. Sasaki, M. 1989, Phys. Rev. D, 40, 2502

Gao, L., Navarro, J. F., Cole, S., Frenk, C. S., White, S. D. M., Springel, V., Jenkins, A., Neto,
A. F. 2008, MNRAS, 387, 536

Gao, L., White, S. D. M., Jenkins, A., Stoehr, F., Springel, V. 2004, MNRAS, 355, 819
Gaztanaga, E. 2003, ApJ, 589, 82

Gelb, J. M. Bertschinger, E. 1994, ApJ, 436, 467

Ghigna, S., Moore, B., Governato, F., Lake, G., Quinn, T., Stadel, J. 1998, MNRAS, 300, 146
Ghigna, S., Moore, B., Governato, F., Lake, G., Quinn, T., Stadel, J. 2000, ApJ, 544, 616
Gill, S. P. D., Knebe, A., Gibson, B. K. 2004, MNRAS, 351, 399

Gilmore, J. Natarajan, P. 2009, MNRAS, 396, 354

Gladders, M. D., Hoekstra, H., Yee, H. K. C., Hall, P. B., Barrientos, L. F. 2003, ApJ, 593, 48
Goldberg, D. M. Bacon, D. J. 2005, ApJ, 619, 741

Goobar, A., et al. 2009, A&A, 507, 71

Griest, K. 1991, ApJ, 366, 412

Grossman, S. A. Narayan, R. 1988, ApJ Lett., 324, L37

Grossman, S. A. Saha, P. 1994, ApJ, 431, 74

Gunn, J. E. 1967, ApJ, 150, 737

Gunn, J. E. Gott, III, J. R. 1972, ApJ, 176, 1

Gunnarsson, C., Dahlén, T., Goobar, A., Jonsson, J., Mortsell, E. 2006, ApJ, 640, 417
Hadrovic, F. Binney, J. 1997, arXiv:astro-ph/9708110

Hammer, F. 1991, ApJ, 383, 66

Hennawi, J. F., Dalal, N., Bode, P. 2007a, ApJ, 654, 93

Hennawi, J. F., Dalal, N., Bode, P., Ostriker, J. P. 2007b, ApJ, 654, 714

Hilbert, S., Gair, J. R., King, L. J. 2010, MNRAS, 1844

Hilbert, S., White, S. D. M., Hartlap, J., Schneider, P. 2007, MNRAS, 382, 121

Hinshaw, G., et al. 2009, ApJ Submitted, 180, 225

Ho, S. White, M. 2005, Astroparticle Physics, 24, 257

Hobson, M. P., Efstathiou, G. P., Lasenby, A. N. 2006, General Relativity (Cambridge University
Press)

92



Hockney, R. W. Eastwood, J. W. 1981, Computer Simulation Using Particles (New York:
McGraw-Hill)

Hockney, R. W. Eastwood, J. W. 1988, Computer simulation using particles (Bristol: Hilger)
Hoekstra, H., et al. 2006, ApJ, 647, 116

Hogg, D. W. 1999, arXiv:astro-ph/9905116

Holberg, J., Bowyer, S., Lampton, M. 1973, ApJ Lett., 180, L55+

Holz, D. E. Linder, E. V. 2005, ApJ, 631, 678

Holz, D. E. Wald, R. M. 1998, Phys. Rev. D, 58, 063501

Horesh, A., Maoz, D., Ebeling, H., Seidel, G., Bartelmann, M. 2010, MNRAS, 406, 1318
Hubble, E. 1929, Proceedings of the National Academy of Science, 15, 168

Hubble, E. Tolman, R. C. 1935, ApJ, 82, 302

Inada, N., et al. 2003, Nature, 426, 810

Inada, N., et al. 2006, ApJ Lett., 653, L97

Jain, B. Seljak, U. 1997, ApJ, 484, 560

Jain, B., Seljak, U., White, S. 2000, ApJ, 530, 547

Jain, B. Van Waerbeke, L. 2000, ApJ Lett., 530, L1

Jain, D. Jhingan, S. 2010, Physics Letters B, 692, 219

Jarosik, N.; et al. 2011, ApJ Submitted, 192, 14

Jaroszynski, M., Park, C., Paczynski, B., Gott, III, J. R. 1990, ApJ, 365, 22

Jenkins, A., Frenk, C. S., White, S. D. M., Colberg, J. M., Cole, S., Evrard, A. E., Couchman,
H. M. P., Yoshida, N. 2001, MNRAS, 321, 372

Jing, Y. P. Suto, Y. 2000, ApJ Lett., 529, L.69

Jing, Y. P. Suto, Y. 2002, ApJ, 574, 538

Jonsson, J., Dahlén, T., Goobar, A., Gunnarsson, C., Mortsell, E., Lee, K. 2006, ApJ, 639, 991
Jonsson, J., Mortsell, E., Sollerman, J. 2009, A&A, 493, 331

Jullo, E. Kneib, J. 2009, MNRAS, 395, 1319

Jullo, E., Kneib, J., Limousin, M., Eliasdéttir, A., Marshall, P. J., Verdugo, T. 2007, New
Journal of Physics, 9, 447

Kaiser, N. 1995, ApJ Lett., 439, L1
Kaiser, N. Squires, G. 1993, ApJ, 404, 441

Kasai, M., Futamase, T., Takahara, F. 1990, Physics Letters A, 147, 97

93



Kayser, R., Refsdal, S., Stabell, R. 1986, A&A, 166, 36

Keeton, C. R. Kochanek, C. S. 1997, ApJ, 487, 42

Keeton, C. R. Madau, P. 2001, ApJ Lett., 549, 1.25

Kim, J. Park, C. 2006, ApJ, 639, 600

Klypin, A., Gottlober, S., Kravtsov, A. V., Khokhlov, A. M. 1999, ApJ, 516, 530
Klypin, A., Kravtsov, A. V., Bullock, J. S., Primack, J. R. 2001, ApJ, 554, 903
Klypin, A. A. Shandarin, S. F. 1983, MNRAS, 204, 891

Knebe, A., Devriendt, J. E. G., Mahmood, A., Silk, J. 2002, MNRAS, 329, 813
Kneib, J., Ellis, R. S., Smail, I., Couch, W. J., Sharples, R. M. 1996, ApJ, 471, 643
Kneib, J., et al. 2003, ApJ, 598, 804

Knollmann, S. R. Knebe, A. 2009, ApJ Submitted, 182, 608

Kochanek, C. S. 1991, ApJ, 373, 354

Kochanek, C. S. 1996, ApJ, 466, 638

Komatsu, E., et al. 2011, ApJ Submitted, 192, 18

Koopmans, L. V. E. Fassnacht, C. D. 1999, ApJ, 527, 513

Kowalski, M., et al. 2008, ApJ, 686, 749

Krumm, N. Salpeter, E. E. 1979, Astronomical Journal, 84, 1138

Kulkarni, V. P., Khare, P., Som, D., Meiring, J., York, D. G., Péroux, C., Lauroesch, J. T. 2010,
New Astronomy, 15, 735

Kundic, T., et al. 1997, ApJ, 482, 75

Lahav, O., Lilje, P. B., Primack, J. R., Rees, M. J. 1991, MNRAS, 251, 128

Lake, K. 2007, Phys. Rev. D, 76, 063508

Laureijs, R. 2009, arXiv:0912.0914

Le Brun, V., Bergeron, J., Boisse, P., Deharveng, J. M. 1997, A&A, 321, 733

Lee, M. H. Paczynski, B. 1990, ApJ, 357, 32

Lewis, A., Challinor, A., Lasenby, A. 2000, ApJ, 538, 473

Li, G., Mao, S., Jing, Y. P., Bartelmann, M., Kang, X., Meneghetti, M. 2005, ApJ, 635, 795
Li, G. L., Mao, S., Jing, Y. P., Lin, W. P.; Oguri, M. 2007, MNRAS, 378, 469

Li, N. Chen, D. 2009, Research in Astronomy and Astrophysics, 9, 1173

Linder, E. V. 1988, A&A, 206, 190

94



Loeb, A. 1998, ApJ Lett., 499, L111+
Lukié¢, Z., Heitmann, K., Habib, S., Bashinsky, S., Ricker, P. M. 2007, ApJ, 671, 1160
Luppino, G. A. Gioia, I. M. 1992, A&A, 265, 1.9

Lynds, R. Petrosian, V. 1986, in Bulletin of the American Astronomical Society, Vol. 18, Bulletin
of the American Astronomical Society, 1014—

Maccio, A. V., Dutton, A. A., van den Bosch, F. C. 2008, MNRAS, 391, 1940

Maccio, A. V., Dutton, A. A., van den Bosch, F. C., Moore, B., Potter, D., Stadel, J. 2007,
MNRAS, 378, 55

Mandelbaum, R., van de Ven, G., Keeton, C. R. 2009, MNRAS, 398, 635
Maoz, D., Rix, H., Gal-Yam, A., Gould, A. 1997, ApJ, 486, 75

Markevitch, M., Gonzalez, A. H., Clowe, D., Vikhlinin, A., Forman, W., Jones, C., Murray, S.,
Tucker, W. 2004, ApJ, 606, 819

McVittie, G. C. 1962, ApJ, 136, 334

Mead, J. M. G., King, L. J., Sijacki, D., Leonard, A., Puchwein, E., McCarthy, I. G. 2010,
MNRAS, 406, 434

Meneghetti, M., Argazzi, R., Pace, F., Moscardini, L., Dolag, K., Bartelmann, M., Li, G., Oguri,
M. 2007, A&A, 461, 25

Meneghetti, M., Bartelmann, M., Moscardini, L. 2003a, MNRAS, 346, 67
Meneghetti, M., Bartelmann, M., Moscardini, L. 2003b, MNRAS, 340, 105

Meneghetti, M., Bolzonella, M., Bartelmann, M., Moscardini, L., Tormen, G. 2000, MNRAS,
314, 338

Meneghetti, M., Fedeli, C., Pace, F., Gottloeber, S., Yepes, G. 2010, ArXiv e-prints
Merritt, D. 1996, Astronomical Journal, 111, 2462

Merritt, D., Graham, A. W., Moore, B., Diemand, J., Terzi¢, B. 2006, Astronomical Journal,
132, 2685

Milne, E. A. 1933, Zeitschrift fr Astrophysik, 6, 1

Miralda-Escude, J. 1993, ApJ, 403, 497

Miralda-Escudé, J. 2002, ApJ, 564, 60

Miyoshi, K. Kihara, T. 1975, Pub. Astron. Soc. Japan, 27, 333

Molikawa, K. Hattori, M. 2001, ApJ, 559, 544

Molikawa, K., Hattori, M., Kneib, J., Yamashita, K. 1999, A&A, 351, 413

Moore, B., Governato, F., Quinn, T., Stadel, J., Lake, G. 1998, ApJ Lett., 499, L5+

Moore, B., Katz, N., Lake, G. 1996, ApJ, 457, 455

95



Moore, B., Quinn, T., Governato, F., Stadel, J., Lake, G. 1999, MNRAS, 310, 1147

Myers, A. D., Outram, P. J., Shanks, T., Boyle, B. J., Croom, S. M., Loaring, N. S., Miller, L.,
Smith, R. J. 2003, MNRAS, 342, 467

Natarajan, P., Kneib, J., Smail, I. 2002, ApJ Lett., 580, L11

Natarajan, P., Kneib, J., Smail, I., Ellis, R. S. 1998, ApJ, 499, 600

Navarro, J. F., Frenk, C. S., White, S. D. M. 1995, MNRAS, 275, 720

Neto, A. F., et al. 2007, MNRAS, 381, 1450

Neyrinck, M. C., Gnedin, N. Y., Hamilton, A. J. S. 2005, MNRAS, 356, 1222
Oguri, M. Blandford, R. D. 2009, MNRAS, 392, 930

Oguri, M. Keeton, C. R. 2004, ApJ, 610, 663

Oguri, M., Lee, J., Suto, Y. 2003, ApJ, 599, 7

Oguri, M., Takada, M., Umetsu, K., Broadhurst, T. 2005, ApJ, 632, 841
Oguri, M., Taruya, A., Suto, Y. 2001, ApJ, 559, 572

Oguri, M., et al. 2004, ApJ, 605, 78

Okamura, T. Futamase, T. 2009, Progress of Theoretical Physics, 122, 511
O’Meara, J. M. 2004, PhD thesis, UNIVERSITY OF CALIFORNIA, SAN DIEGO
Ostriker, J. P., Peebles, P. J. E., Yahil, A. 1974, ApJ Lett., 193, L1

Overduin, J. M. Wesson, P. S. 2004, Physics Reports, 402, 267

Paczynski, B. 1986, ApJ, 304, 1

Paczynski, B. Wambsganss, J. 1989, ApJ, 337, 581

Patiri, S. G., Cuesta, A. J., Prada, F., Betancort-Rijo, J., Klypin, A. 2006, ApJ Lett., 652, L.75
Paz, D. J., Lambas, D. G., Padilla, N., Merchan, M. 2006, MNRAS, 366, 1503
Peacock, J. A., et al. 2001, Nature, 410, 169

Peccei, R. D. Quinn, H. R. 1977, Physical Review Letters, 38, 1440
Perlmutter, S., et al. 1999, ApJ, 517, 565

Pound, R. V. Rebka, G. A. 1960, Phys. Rev. Lett., 4, 337

Pound, R. V. Snider, J. L. 1964, Phys. Rev. Lett., 13, 539

Power, C. Knebe, A. 2006, MNRAS, 370, 691

Power, C., Navarro, J. F., Jenkins, A., Frenk, C. S., White, S. D. M., Springel, V., Stadel, J.,
Quinn, T. 2003, MNRAS, 338, 14

Premadi, P., Martel, H., Matzner, R. 1998, ApJ, 493, 10

96



Premadi, P., Martel, H., Matzner, R., Futamase, T. 2001, ApJ Submitted, 135, 7
Press, W. H. Gunn, J. E. 1973, ApJ, 185, 397

Press, W. H. Schechter, P. 1974, ApJ, 187, 425

Puchwein, E. Hilbert, S. 2009, MNRAS, 398, 1298

Pyne, T. Birkinshaw, M. 1993, ApJ, 415, 459

Quartin, M. Amendola, L. 2010, Phys. Rev. D, 81, 043522

Refsdal, S. 1964, MNRAS, 128, 307

Refsdal, S. 1970, ApJ, 159, 357

Richard, J., Pell6, R., Schaerer, D., Le Borgne, J., Kneib, J. 2006, A&A, 456, 861

Richard, J., Stark, D. P., Ellis, R. S., George, M. R., Egami, E., Kneib, J., Smith, G. P. 2008,
ApJ, 685, 705

Riess, A. G., et al. 1998, Astronomical Journal, 116, 1009

Riess, A. G., et al. 2004, ApJ, 607, 665

Roberts, M. S. Rots, A. H. 1973, A&A, 26, 483

Rodionov, S. A. Sotnikova, N. Y. 2005, Astronomy Reports, 49, 470

Rozo, E., Nagai, D., Keeton, C., Kravtsov, A. 2008, ApJ, 687, 22

Rubin, V. C., Thonnard, N., Ford, Jr., W. K. 1978, ApJ Lett., 225, L107

Sachs, R. 1961, Royal Society of London Proceedings Series A, 264, 309
Sandage, A. 1962, ApJ, 136, 319

Schaap, W. E. van de Weygaert, R. 2000, A&A, 363, L29

Schechter, P. L., et al. 1997, ApJ Lett., 475, L85+

Schneider, P. Seitz, C. 1995, A&A, 294, 411

Schneider, P. Weiss, A. 1988, ApJ, 330, 1

Schrabback, T., et al. 2010, A&A, 516, A63+

Scranton, R., et al. 2005, ApJ, 633, 589

Seitz, S., Schneider, P., Ehlers, J. 1994, Classical and Quantum Gravity, 11, 2345
Seldner, M. Peebles, P. J. E. 1979, ApJ, 227, 30

Seljak, U. Zaldarriaga, M. 1996, ApJ, 469, 437

Shapiro, C. Cooray, A. 2006, Journal of Cosmology and Astroparticle Physics, 3, 7

Shapiro, S. S., Davis, J. L., Lebach, D. E., Gregory, J. S. 2004, Physical Review Letters, 92,
121101

97



Sharon, K., et al. 2005, ApJ Lett., 629, L73

Sheth, R. K., Mo, H. J., Tormen, G. 2001, MNRAS, 323, 1

Shu, C., Zhou, B., Bartelmann, M., Comerford, J. M., Huang, J., Mellier, Y. 2008, ApJ, 685, 70
Smith, S. 1936, ApJ, 83, 23

Soucail, G., Fort, B., Mellier, Y., Picat, J. P. 1987, A&A, 172, L14

Spergel, D. N. Steinhardt, P. J. 2000, Physical Review Letters, 84, 3760

Spergel, D. N., et al. 2003, ApJ Submitted, 148, 175

Springel, V. 2005, MNRAS, 364, 1105

Springel, V., White, S. D. M., Tormen, G., Kauffmann, G. 2001, MNRAS, 328, 726

Stadel, J. G. 2001, PhD thesis, UNIVERSITY OF WASHINGTON

Stairs, I. H., Arzoumanian, Z., Camilo, F., Lyne, A. G., Nice, D. J., Taylor, J. H., Thorsett,
S. E., Wolszczan, A. 1998, ApJ, 505, 352

Suyu, S. H., Marshall, P. J., Auger, M. W., Hilbert, S., Blandford, R. D., Koopmans, L. V. E.,
Fassnacht, C. D., Treu, T. 2010, ApJ, 711, 201

Suyu, S. H., Marshall, P. J., Blandford, R. D., Fassnacht, C. D., Koopmans, L. V. E., McKean,
J. P., Treu, T. 2009, ApJ, 691, 277

Takahashi, R. Chiba, T. 2001, ApJ, 563, 489

Taylor, J. H. Weisberg, J. M. 1989, ApJ, 345, 434

Taylor, Jr., J. H. 1994, Reviews of Modern Physics, 66, 711

Tolman, R. C. 1930, Proceedings of the National Academy of Science, 16, 511
Tolman, R. C. 1934, Relativity, Thermodynamics, and Cosmology (Oxford: Clarendon Press)
Tomita, K. 1998, Progress of Theoretical Physics, 100, 79

Tormen, G., Diaferio, A., Syer, D. 1998, MNRAS, 299, 728

Turner, E. L., Ostriker, J. P., Gott, III, J. R. 1984, ApJ, 284, 1

Tyson, J. A., Wenk, R. A., Valdes, F. 1990, ApJ Lett., 349, L1

Umetsu, K. 2010, arXiv:1002.3952

Umetsu, K. Broadhurst, T. 2008, ApJ, 684, 177

Vale, C. White, M. 2003, ApJ, 592, 699

Van Waerbeke, L., Hamana, T., Scoccimarro, R., Colombi, S., Bernardeau, F. 2001, MNRAS,
322, 918

Van Waerbeke, L., et al. 2000, A&A, 358, 30

Wallington, S., Kochanek, C. S., Narayan, R. 1996, ApJ, 465, 64

98



Walsh, D., Carswell, R. F., Weymann, R. J. 1979, Nature, 279, 381

Wambsganss, J. 1990, PhD thesis, Thesis Ludwig-Maximilians-Univ., Munich (Germany,
F. R.). Fakultét fir Physik., (1990)

Wambsganss, J. 1999, Journal of Computational and Applied Mathematics, 109, 353
Wambsganss, J., Bode, P., Ostriker, J. P. 2004, ApJ Lett., 606, L.93

Wambsganss, J., Bode, P., Ostriker, J. P. 2005, ApJ Lett., 635, L1

Wambsganss, J., Cen, R., Ostriker, J. P. 1998, ApJ, 494, 29

Wambsganss, J., Cen, R., Xu, G., Ostriker, J. P. 1997, ApJ Lett., 475, L81+
Wambsganss, J., Ostriker, J. P., Bode, P. 2008, ApJ, 676, 753

Warren, M. S., Quinn, P. J.; Salmon, J. K., Zurek, W. H. 1992, ApJ, 399, 405
Watanabe, K. Tomita, K. 1990, ApJ, 355, 1

Webster, R. L., Hewett, P. C., Harding, M. E., Wegner, G. A. 1988, Nature, 336, 358
Weinberg, S. 1976, ApJ Lett., 208, L1

Weymann, R. J., et al. 1980, Nature, 285, 641

White, M. 2002, ApJ Submitted, 143, 241

White, M. Hu, W. 2000, ApJ, 537, 1

White, S. D. M. Rees, M. J. 1978, MNRAS, 183, 341

Williams, L. L. R. Saha, P. 2000, Astronomical Journal, 119, 439

Wilson, G., Kaiser, N., Luppino, G. A., Cowie, L. L. 2001, ApJ, 555, 572

Wilson, O. C. 1939, ApJ, 90, 634

Wittman, D. M., Tyson, J. A., Kirkman, D., Dell’Antonio, I., Bernstein, G. 2000, Nature, 405,
143

Wright, C. O. Brainerd, T. G. 2000, ApJ, 534, 34

Wu, X. Hammer, F. 1993, MNRAS, 262, 187

Wryithe, J. S. B., Turner, E. L., Spergel, D. N. 2001, ApJ, 555, 504

Wryithe, J. S. B., Yan, H., Windhorst, R. A., Mao, S. 2011, Nature, 469, 181
Yahil, A. 1974, ApJ, 191, 623

Zaritsky, D. Gonzalez, A. H. 2003, ApJ, 584, 691

Zeldovich, I. B. 1978, in IAU Symposium, Vol. 79, Large Scale Structures in the Universe, ed.
M. S. Longair & J. Einasto, 409-420

Zel’Dovich, Y. B. 1970, A&A, 5, 84

99



Zhang, Y., Yang, X., Faltenbacher, A., Springel, V., Lin, W., Wang, H. 2009, ApJ, 706, 747
Zitrin, A., Broadhurst, T., Barkana, R., Rephaeli, Y., Benitez, N. 2011, MNRAS, 410, 1939

Zwicky, F. 1937, ApJ, 86, 217

100



Appendix A

Cosmography

The distance to observed sources is an essential parameter in almost every astronomical dataset.
Yet the definition of distance is laden with common misinterpretations and often, observable dis-
tance measures are not simply related to fundamental distance measures. Here, I describe the re-
lationship between these measures, distinguished by their method of measurement. Throughout
this appendix chapter, ¢ and Hy denote the speed of light and the Hubble constant, respectively.
I stress that the expressions presented here are only correct for the case of a flat universe, i.e.
Qk = 0; for further details, the reader is directed to Hogg (1999).

Redshift is not a distance measure, per se, but it is a fundamental observable that is widely
used to determine the distance to an astrophysical object; the distance measures are thus pre-
sented in terms of their dependence with redshift. If a single redshift is the only dependent
variable, it is understood that the term represents the distance from the observer (at z = 0)
to that redshift. If two redshifts, z; and z9, are presented as the dependent variables, the dis-
tance is being measured from z; to z3. A fundamental cosmological distance scale is the Hubble
distance, Dy, given by

c
Dy =—. Al
H= g (A.1)
The proper distance, Dp, is the distance measured by a ruler at the time of observation:
c 2 d
D = . A2
P(Z) 1+ 2 0 H(Z/) ( )

The line-of-sight co-moving distance, D¢, is the proper distance divided by the ratio of scale
factors at the object and at the observer, so

De(z) = (1+2)Dp(2)

=c OZ };l(i,) (A.3)

The co-moving distance is a fundamental distance measure seeing as it is additive, i.e.
D¢ (z1,22) + Do(z2, 23) = Do(21, 23). (A.4)

The angular diameter distance D4(z) to an object at redshift z is the ratio of the object’s
transverse length, [, to its angular size 0, for small angular sizes:

Da(z) = ~. (A.5)

Since gravitational lensing can alter the angular size subtended by a source, angular diameter
distances are commonly used in describing lensing scale lengths. The angular diameter distance
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between the lens and source plays an important role, and so the relationship for an arbitrary
‘observer’ redshift is required. The angular diameter distance between two objects at redshifts
z1 and z9 in a flat universe is given by

DH /z dz'
D21, 2) = A6
A(21, 22) T+ 22 Jo [Ouo(1+ #) + Oao] (A.6)
1
— Do) - Defea)] (A7)

It is clear from Eqn. A.6 that unlike co-moving distances, the angular diameter distances are
not additive, i.e.

D(z1,22) + Da(z2,23) # Da(z1,23). (A.8)

For completeness, I also include the luminosity distance for comparison. This distance measure
relates the intrinsic flux, F', of a luminous object to its apparent luminosity, L, and is inferred

by:
Dp(z) = ”MLF' (A.9)

The luminosity distance is particularly relevant to studies of ‘standard candles’, such as SNIa,
for which intrinsic fluxes are known or can be determined from the shapes of their light curves.
Given redshift measurements, the fundamental cosmological distances are then derived from the
Etherington principle (Etherington, 1933):

Dr(2) = (14 2)Do(2) = (1 + 2)%Da(2). (A.10)
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Appendix B

Analytic Solutions for Lensing

B.1 Schwarzschild Lens

A single peak of infinite density is one of the simplest lens models, and is often used to model
a spherically symmetric lens for idealised analytical studies. The gravitational potential field

around a so-called Schwarzschild lens of mass M is given by
GM
¢(r) = —— - (B.1)

c2r

The relevant (angular) scale length for such a lens is the Einstein radius, given by

Dys VAGM

Orin = . B.2
K DiDs ¢ (B:2)

At the lens plane, this corresponds to a physical scale length given by:
TREin = GEinDd. (B3)

The gravitational lensing quantities of interest are found by combining the derivatives of this
potential, as described in Sec. 1.4. They are defined in terms of a dimensionless radial distance,
x = r/rgn. All lines of sight probe regions outside the lens, so the convergence is zero. The
solution for the shear for images lensed by a Schwarzschild lens, vschy, is simply

Yschw () = . (B.4)
The analytic solution for the magnification for an image at any location is well known and is
given by

psam(@) = (1- ) (B.5)

4
B.2 NFW lens

The NFW profile, described in Sec. 1.3.3, can be considered a thin lens for cases where the
observer, lens and source are separated by large angular diameter distances. The following ana-
lytic solutions, B.6-B.13, are therefore derived from projected surface densities. A dimensionless
radial distance, = r/rg, has been adopted. Here, the quantities p¢, 75, 6. and X, are those
defined in Eqns. 1.6, 1.9, 1.10 and 1.20. Following Wright & Brainerd (2000) and Coe (2010),
the analytic solution for the radial dependence of the convergence is given by

Tsécpc

> K(x), (B.6)

KNFW (7) =
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where K (z) is given by

2 2 —1 1— :
m |:1 — ﬁtanh H’ii if r <1
K(z) = 2 ifr=1 . (B.7)
2 2 —1 —1 :
L m |:]. — \/ﬁ tan Lf-i-ix if x >1

By integrating Eqn. B.6 over the area within r, one finds the mass within a cylinder of radius r:
MNFW,cyl(x) = 47TT§)5CPCC($)’ (B'8)

where C(x) is given by

L coshfli fx<l1

1—a2
x .
C(:p):ln§—|— 1 ife=1 . (B.9)
\/ﬁcos_lé ifx>1
The radial dependence of shear is thus given by
Tsécpc
NFwW (T) = TfG(w)’ (B.10)
where G(x) is given by
g<(z) ifex<1
G(z) = (@ +4n(3)] ifz=1 . (B.11)
g>(z) ifx>1

The functions g<(z) and g~ (x) are given by

8tanh !'\/(1—2)/(1+2) 4 x 2 4 tanh ™' /(1 —2)/(1 + z)
9<() = x!m tah(G)-m ot Yl)m (B.12)
and
8tan~'\/(z —1)/(1 +x 4 T 2 4tant\/(x —1)/(1 +x
g>(x) = ;2/5/127_)1/( ) +3 In <§> @ oD + (;/2(_ 1)3%( ) (B.13)

Combining these with Eqns. B.6 and B.10 with Eqns. 1.19 and 1.24 allows one to determine the

analytic value of the magnification, i, of an image at a given projected distance from the centre
of the NF'W lens.
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